
Maths Set 1 

Use the substitution 𝑢 =
𝑑𝑦

𝑑𝑥
 to solve the differential equation 

𝑑2𝑦

𝑑𝑥2 = 𝑦2 where 𝑦(2) =
3

2
 and 

𝑑𝑦

𝑑𝑥
(2) = −

3

2
. 

Note du/dx = udu/dy. 

Integrating udu/dy = y^2 gives (u^2)/2 = (y^3)/3 + c. The boundary conditions give c=0. 

Then dy/dx = +/- root((2/3)y^3), but the boundary conditions tell us we need to take the minus, not 

the plus. 

We have y^(-3/2)dy/dx = root(2/3), so -2y^(-1/2) = xroot(2/3) + c’. The boundary conditions give 

c’=0. 

We rearrange to get y = 6/x^2 and can check the differentiating twice gives y^2. 

 

 

For which integers 𝑚 and 𝑛 is 2𝑚 + 3𝑛 a multiple of 5?  

It’s probably easiest to look at the possible last digits, though you can also think about the values 

mod 5. We want the last digit to be 0 (impossible, as we have even+odd) or 5. 

For increasing m, 2^m ends in 2, 4, 8, 6, and then the pattern repeats. For increasing n, 3^n ends in 

3, 9, 7, 1, and then the pattern repeats (as 2 and 3 are coprime to 5, we would expect the pattern to 

repeat with period 5-1=4 anyway). The combinations that give 5 are (2,3), (4,1), (8,7), (6,9). We can 

get cases for m and n in the form 4k+r, but we can actually summarise them by saying we need 

m+n=2 mod 4. 

 

 

Any ellipse (acos(t),bsin(t)), where a>b>0, centred at O can be sketched as follows: a circle C1 with 

radius R1 is centred at a point on a second circle C2 of radius R2 and centre O. C1 and C2 spin about 

their centres with angular velocities w1 and w2 respectively. A pen is attached to a point on C1 and 

sketches the ellipse as it moves. Find R1 and R2 and the ratio w1:w2. 

Hence, what are the general coordinates of a point on an ellipse that is the same shape but inclined 

at 45 degrees to the horizontal? 

It might be better to just sketch the ellipse rather than give its parametric coordinates. The student 

can be asked for those later. 

By considering the intercepts with the axes, we want R+r = a and R-r = b, so R = (a+b)/2 and r = (a-

b)/2. E.g. the pen and small circle should both be at 3 o’clock for the right x-intercept. For the top y-

intercept, the small circle should be at 12 o’clock and the pen should be at 6 o’clock. 

By considering how each wheel is has rotated between the x intercept and y intercept, we see we 

want a w2 = -w1. (In fact, w2=3w1, w2=7w1, w2=11w1 etc., and w2=-5w1, w2=-9w1 etc. are all 

possible just looking at the two intercepts, but they will tend to produce bumpy shapes instead of 

ellipses. This is hard to see without writing down parametric coordinates and finding dy/dx or 



dr/dtheta, so the student can just be advised to choose the simplest answer if they notice that 

multiple are possible.) 

 

 

  



Maths Set 2 

Evaluate: 

∫ sin4 𝑥 𝑑𝑥 

 
We want to use cos(2x) = 1 – 2sin^2(x) and cos(4x) = 2cos^2(2x) – 1. 

One way is to write substitute the first into the second to get cos(4x) = 1 – 8sin^2(x) + 8sin^4(x) = 1 + 

4(cos(2x) – 1) + 8sin^4(x) 

Then sin^4(x) = (1/8)cos(4x) – (1/2)cos(2x) + 3/8, which can be integrated. 

 

 

 

Sketch 𝑥2𝑘 + 𝑦2𝑘 = 1 for 𝑘 a large positive integer. Then try 𝑥2𝑘+1 + 𝑦2𝑘+1 = 1. 

Extensions: Sketch 𝑥2𝑘 + 𝑦2𝑘 + 𝑥2 + 𝑦2 = 1. Then try 𝑥2𝑘 + 𝑦2𝑘 + 𝑥 + 𝑦 = 1. 

Note that, if |x|<1, then xk is very close to 0 when k is large, unless x is very close to 1 or -1. 

Useful starting points include identifying intercepts with the axes and the lin y=x, and identifying 

symmetries in the axes and in y=x. 

1st graph 

 

2nd graph: 

 

Students rarely get to the extensions. 



Extension 1: Very close to the unit circle.  

Extension 2: It’s best to sketch xk + x for k large first: 

 

This shows that, for a between -1 and 1, xk + x = a has a solution with x very close to a, and another 

with x very close to -1. 

Resulting graph: 

 

 

 

An ant starts at vertex A of a square ABCD. Each second it moves to either of the adjacent vertices 

with equal probability. Find the probability that it is at each of A, B, C, D after 100 seconds. 

Suppose one ant starts at A and another at C. After how long are they expected to meet for the first 

time? 

We get P(A)=P(C)=1/2 and P(B)=P(D)=0. This is true for any even number of seconds besides 0 

(switch A and C with B and D for an odd number of seconds). 

 

Extensions: 

2 ants start at A and C. What is the expected time until they meet for the first time? 



We get the sum of k(1/2)^k, which evaluates to 2 seconds. 

 

Suppose instead we have an infinite row of points that extends in either direction. Find the 

probability the ant is at A after 100 s. 

Label the probabilities with integers, with A at 0. Looking at the probabilities for the first few 

seconds shows us that when t=2k, the numerator of P(t,2k-2r) is 2k choose r, and the 

denominator is 2^2k, and every other probability is 0. (In general, the numerators look like 

the elements of the t-th row of Pascal’s triangle separated by 0s). 

Answer: (100 choose 50)/2^100 

 

 

  



Maths Set 3 

Sum the series 1 +
1

2
+

1

4
+

1

8
+

1

16
+ ⋯ from first principles. Sum also 1 +

1

2
+

2

4
+

3

8
+

5

16
+

8

32
+

13

64
+ ⋯  

 
If the first series is S, we have S = 1 + (1/2)S, so S = 2. 

If the second series is T, we use 2/4 = ¼ + ¼, 3/8 = 1/8 + 2/8, 5/16 = 2/16 + 3/16, etc., to get: 

T = 1 + (1/2)T + (1/4)T 

Then T = 4. 

 

NB: we can do the first by writing 2u_n+1 = u_n, then summing both sides from 1 to infinity. Sum 

over u_n+1 is just S less the first term, i.e. S-1. So the LHS is 2(S-1) and the RHS is S. This gives S=2 

again. We can do a similar thing with T by writing 4u_n+2 = 2u_n+1 + u_n and summing both sides. 

 

 

Sketch 𝑦 =
1

𝑥−𝑙𝑛(𝑥)
 and 𝑦 =

1

𝑥+𝑙𝑛(𝑥)
. Consider the integral of each function from 1 to infinity – do 

those integrals converge to finite values? 

 

1st graph: 

 

 

2nd graph: 



 

The x-coordinate of the asymptote can’t be found algebraically, but they should note it is between 0 

and 1. 

It’s only worth fussing about the gradient near 0 if they get the rest very quickly. 

The first integral diverges by comparison with 1/x. The second diverges by comparison with 1/2x. 

 

Let 𝐶𝑛 be the set of all points (𝑥1, 𝑥2, … , 𝑥𝑛) in 𝑛-dimensional space such that all coordinates 𝑥𝑖  are 

either 0 or 1. What shapes do the points in 𝐶2 and 𝐶3 form? How many corners, edges, and faces do 

the shapes formed by 𝐶2, 𝐶3, and 𝐶4 have? 

How many corners, edges, and faces does the shape formed by 𝐶𝑛 have? 

C_2 and C_3 form the unit square and cube respectively. We can think of the cube as being the 

original square, a second version displaced by 1 in the third dimension, and then all the lines joining 

the two. By analogy, C_4 (a ‘hypercube’) is two cubes joined by the lines and faces created by 

dragging the first cube to the second through a 4th dimension. (The candidates can be presented 

with this idea rather than having to intuit it themselves.) 

If V_n, E_n, and F_n are the sumbers of vertices, edges, and faces respectively of C_n, then V_n = 

2^n (2 choices for each of n coordinates). 

Also, E_n = 2E_(n-1) + V_(n-1) and F_n = 2F_(n-1) + E_(n-1), as there are two copies of C_(n-1), plus 

edges formed by drawing out each of its vertices and faces formed by drawing out each of its edges. 

We have E_n = 2E_(n-1) + 2^(n-1) = 4E_(n-2) + 2^(n-1) + 2^(n-1) = … = 2^(n-2)E_2 + (n-2)2^(n-1) = 

n2^(n-1) as E_2 = 4. 

Then we have F_n = 2F_(n-1) + (n-1)2^(n-2) = 4F_(n-2) + (n-2)2^(n-2) + (n-1)2^(n-2) = … = 2^(n-2)F_2 

+ (2+…+(n-1))2^(n-2) = 2^(n-2)(1+…+(n-1)) = n(n-1)2^(n-3). 

 

 

 

  



Extra Maths: 

 

Sketch the graph of 𝑦 = 𝑒𝑥 cos 𝑥. Show that the y coordinates of the turning points form a 

geometric progression and find the common ratio.  

 

Sketch 𝑦 = arctan (
1

𝑥
). Now sketch 𝑦 = arctan(𝑥) + arctan (

1

𝑥
). 

(Once they notice dy/dx is zero, ask them to explain why, e.g. by applying tan to both sides or 

by thinking about a triangle) 

 

Sketch y=ln(1+ex). 

How does the graph of y=ln(a+ex) vary as a varies over the real numbers? 

Now sketch y=ln(1 - ex). 

How does the graph of y=ln(a - ex) vary as a varies over the real numbers? 

 

 

Sketch the function 𝑓(𝑥) = √𝑥2 + 𝑥 + 1 − √𝑥2 − 𝑥 + 1 

Sketch the function 𝑔(𝑥) =
1

√𝑥2−𝑥+1
−

1

√𝑥2+𝑥+1
 and integrate 𝑔(𝑥) from 0 to infinity. 

 

What is the angle between two faces of a regular tetrahedron? 

Extension: A sphere rests in a regular tetrahedron of side length 1, touching every face. What is its 

radius? 

Suppose all edges have length 1. The angle we are looking for is the angle between the two centre 

lines of the faces, which have length root(3)/2, as the faces are equilateral triangles. 

One method is to draw the vertical down from the peak of the triangle to the base, which it meets at 

1/3 the way along the centre line of the face. Another is to take the triangle formed by two centre 

lines and the opposite edge. 

Either method gives theta = arccos(1/3). 

 

The radii meet the two faces at right angles at points equidistant from all vertices, which we know 

(or can calculate) is 1/3 the way up the centre line. So we have a right angled triangle in which r = 

(1/3)(root(3)/2)tan(theta/2), where cos(theta) = 1/3. This eventually gives r = 1/2root(6), or 

root(6)/12. 

 



 

The sum of some (not necessarily distinct) natural numbers is 100. How large can their 

product be?  

 

Show that ∑
1

𝑘

𝑛
𝑘=1  is unbounded as 𝑛 → ∞ in 2 ways. 

(Intended to do by grouping terms or by comparing to the graph of 1/x. It’s also possible to 

consider the taylor series for ln(1-x) and think about what happens as x->1.) 

 

A sphere of radius R and centre (a,b,c) intersects the unit sphere (radius 1 and centre O). 

Describe the set of points where they intersect in as much detail as possible.  

 

Find the most general possible expression in polar coordinates for the equation of a parabola. 

 

From physics course: 

Suppose a drug test is 99% sensitive and 99% specific. That is, the test will produce 99% true 

positive results for drug users and 99% true negative results for non-drug users. Suppose that 

1% of people are users of the drug. If a randomly selected individual tests positive, what is 

the probability that he is a drug user? 

(*) 

Notes 

Get them to draw a tree diagram. 

Answer: 50% chance 

We want P(user | test +ive) 

This is P(user & test +ive)/P(test +ive) 

(1) P(user & test +ive) = (0.01)(0.99) 

 

(2) P(test +ive) = P(user & test +ive) + P(not user & test +ive) 

 

= (0.01)(0.99) + (0.99)(0.01) 

We see that (2) = 2*(1), so P(user | test +ive) = ½. 

 

From physics course: 



 

(***) 

Notes 

Assume that if it hits a corner it bounces back along the line it came in on. 

It can help to have them draw trajectories that will return to the start after 1 bounce, 2 bounces, etc. 

to get familiar with the problem. 

Another preliminary step is to think about the angles that will produce special cases, such as i) 

bouncing once on each cushion and then returning, or (ii) bouncing twice on the top and bottom 

cushions and once on the side cushion, or (iii) n times each on the top and bottom cushions and 

once on the side cushion. 

Note that the ball leaves every cushion at the angle it meets it. They might get the idea to represent 

the trajectory as cutting the board into series of similar triangles. In a case where the ball bounces 

many times vertically before it bounces off the far side, ask them how far the ball travels horizontally 

as it passes from top to bottom cushion – they should see this horizontal travel is constant. Then ask 

them what changes if the ball bounces off the far side in between vertical bounces – they should see 

that the net travel is the same, even if the final displacement isn’t. Finally ask what this says about 

the speed of the ball. 

Alternatively, focus on what happens to the perpendicular and parallel velocities at each corner. Get 

them to see that the magnitudes of both are constant for the whole trip. How can they use this? 

(What do they know about the total distance travelled if the ball does return to the start. 

NB: We can also picture the billiard table being part of an infinite lattice of identical tables, where 

the ball does not bounce of the edges but instead just pass through onto the next table each time. 

What does returning to the start correspond to in this space? (returning to the midpoint of a side, 

but only even numbered sides, counting the original as 0 and going left to right), and what does the 

trajectory of the ball look like? (a straight line). 

 

 

Already used as extensions on the interview course, so don’t use for people who 

attended that: 

In a model of population growth, 𝑃 = 𝑃0𝑒λ𝑡, where 𝑡 is the time since an arbitrary start date. 

Assume that everyone survives until age 80 and then dies. What proportion of the population is 

younger than age 𝑎 for any choice of 𝑎 < 80? Why is this an important result for our model? 



If we knew the birth rate B(t), we could integrate it from t-a to t to get the number of people 

younger than age a. 

The birth rate is the net population growth rate plus the death rate. The net growth rate is dP/dt, 

which is lambdaP(t). The death rate is B(t-80). 

Then B(t) = lambdaP(t) + B(t-80) = lambdaP(t) + lambdaP(t-80) + B(t-160) = … 

… = lambda* Sum of P(t-80k) for k=0,1,2,3,… 

Note that P(t-80k) = P(t)e^(-80klambda) 

So we have a geometric series with first term P(t) and common ratio e^(-80lambda). 

So B(t) = lambdaP(t)/(1 – e^(-80lambda)) 

This integrates to (P(t) – P(t-a))/(1 – e^(-80lambda)). 

Note that P(t-a) = P(t)e^(-alambda), so the answer is P(t)(1 – e^(-alambda))/ (1 – e^(-80lambda)). 

This is a constant multiple of P(t), so the proportion of people in each age band is constant. This is 

important because we have seen that the birth rate also needs to be a constant multiple of P(t), and 

the birth rate should be proportional to the number of people of reproductive age (say 18-50), so if 

this second number were not a constant multiple of P(t), the model would be inconsistent. 

 

Another method is to let N(a,t) be the number of people aged under age a at time t. We could think 

of N(a,t) as P(t) – P(t-a), as we want to count the people who have been added since time t-a, but 

this would under-count as it also subtracts people who died since t-a. The number of those is the 

number of people aged over 80-a at time t-a, which is P(t-a) – N(80-a,t-a). Adding those back in gives 

us N(a,t) = P(t) – N(80-a,t-a) = P(t) – (P(t-a) – N(80-(80-a),(t-a)-(80-a))) = P(t) – P(t-a) + N(a,t-80) 

 

Then N(a,t) = kP(t) + N(a,t-80), where k = 1 – e^(-alambda). This gives us N(a,t) = kP(t) + kP(t-80) + 

kP(t-160) + … 

Since P(t-80n) = P(t)(e^(-80lambda))^n, we have a geometric series that simplifies to the same 

answer as before. 

 

We can create a more realistic model where not everyone dies at 80 – if p(a) is the probability of 

dying at age a (i.e. of getting to age a and then dying, not of dying at a given you reach a), then we 

get N(a,t) = P(t)(1 – e^(-alambda))/(1-I) where I is the integral of p(a)e^(-alambda) wrt a from 0 to 

infinity. However, the student shouldn’t be expected to find this. 

 

Already used as extensions on the interview course, so don’t use for people who 

attended that: 

How would you integrate ∫ ∫ (1 − 𝑥 − 𝑦)
1−𝑥

0

1

0
 𝑑𝑦 𝑑𝑥? What does this integral represent 

geometrically? 



The inner integral gives (1/2)(1-x)^2, which then integrates to give 1/6. 

Geometrically, this is the volume of a triangle-based pyramid with vertices O, (1,0,0), (0,1,0), and 

(0,0,1). This is easiest to notice by looking at the base formed by the x- and  y-axes and the line y=1-x 

and then thinking about what z=1-x-y looks like for x=0 and y=0. 

 

 

 

 

 

  



Computer Science Set 1 

As n goes to infinity, what proportion of the numbers <n are divisible by 2, 3, or 5? 
 

Proportion is 1/2 + 1/3 + 1/5 – 1/(2x3) – 1/(2x5) – 1/(3x5) + 1/(2x3x5) to deal with double counting. 

This evaluates to 11/15. 

 

An extension might be: what’s the quickest way to find the proportion divisible by 2, 3, 5, or 7? 

We can just do 11/15 + 1/7 – (11/15)(1/7) = 81/105. 

 

 

I have 20 coins and one balance. One coin is counterfeit and will weigh slightly less than a real one, 

but I don’t know which. How many weighings do I need to tell which coin is counterfeit? 

(Extension – what’s the minimum number of weighings needed for n coins?) 

The main trick to see is that if we have 3 piles and weigh 2, we always learn which of the piles the 

counterfeit is in. Splitting into 2 leaves us with larger piles each time, which is inefficient, and 

splitting into 4 or more means that in the worst case we still don’t know which pile it’s in after 

weighing 2 and have therefore wasted a weighing. So we always want to split into 3, and the worst 

case scenario is always that the fake is in the largest pile, so we minimise the size of the largest of 

the three piles by making them as close in size as possible. 

We split 20 into 7,7, and 6 and weigh the 7s. Worst case is it’s in one of the 7s. We split the 7s into 2, 

2 and 3 and weigh the 2s. Worst case is it’s in the 3. We weigh 2 of the the 3 and learn which is fake 

whatever happens, so we are done in 3 weighings. 

For n coins, we need [log_3(n)] weighings, where [x] is the smallest integer greater than or equal to 

x. 

 

 

Sum the series 1 +
1

2
+

1

4
+

1

8
+

1

16
+ ⋯ from first principles. Sum also 1 +

1

2
+

2

4
+

3

8
+

5

16
+

8

32
+

13

64
+ ⋯  

 

If the first series is S, we have S = 1 + (1/2)S, so S = 2. 

If the second series is T, we use 2/4 = ¼ + ¼, 3/8 = 1/8 + 2/8, 5/16 = 2/16 + 3/16, etc., to get: 

T = 1 + (1/2)T + (1/4)T 

Then T = 4. 

 



NB: we can do the first by writing 2u_n+1 = u_n, then summing both sides from 1 to infinity. Sum 

over u_n+1 is just S less the first term, i.e. S-1. So the LHS is 2(S-1) and the RHS is S. This gives S=2 

again. We can do a similar thing with T by writing 4u_n+2 = 2u_n+1 + u_n and summing both sides. 

 

 

  



Computer Science Set 2 

Which is larger, (8!)
1

8 or (9!)
1

9 ?  

It’s easiest to start by writing either < or > between the two and manipulating the inequality from 

there to check if it is true or false. 

Putting each side to the 72 gives (8!)^9 < (9!)^8 = (8!)^8 * 9^8. 

This is equivalent to 8! < 9^8, which is true as both sides are products of 8 terms, with the terms on 

the right all being 9 and the terms on the left all being <9. 

So, (9!)^(1/9) is larger. 

We can also do this by taking logs of both sides and rearranging from there, but the final step is the 

same. 

 

 

An ant starts at vertex A of a square ABCD. Each second it moves to either of the adjacent vertices 

with equal probability. Find the probability that it is at each of A, B, C, D after 100 seconds. 

Suppose one ant starts at A and another at C. After how long are they expected to meet for the first 

time? 

We get P(A)=P(C)=1/2 and P(B)=P(D)=0. This is true for any even number of seconds besides 0 

(switch A and C with B and D for an odd number of seconds). 

 

Extensions: 

2 ants start at A and C. What is the expected time until they meet for the first time? 

We get the sum of k(1/2)^k, which evaluates to 2 seconds. 

 

Suppose instead we have an infinite row of points that extends in either direction. Find the 

probability the ant is at A after 100 s. 

Label the probabilities with integers, with A at 0. Looking at the probabilities for the first few 

seconds shows us that when t=2k, the numerator of P(t,2k-2r) is 2k choose r, and the 

denominator is 2^2k, and every other probability is 0. (In general, the numerators look like 

the elements of the t-th row of Pascal’s triangle separated by 0s). 

Answer: (100 choose 50)/2^100 

 

 

Express the following in ternary (base 3):  
1

2
  

1

4
  

1

6
 



It might be best to start by asking what ‘base 3’ means, and defining it if they have never seen the 

idea. 

We get 0.1*, 0.*02*, and 0.01*. 

We want coefficients of 1/3, 1/9, 1/27, etc. chosen from {0,1,2}. We start from 1/3 and go down, 

always choosing the largest possible coefficient (as if we go too low, we can’t make it up later as the 

sum of all subsequent terms is smaller than the current term). We soon guess a pattern for ½ and ¼, 

which we can prove using the formula for geometric series. For 1/6, it is easier to just multiply our 

answer for ½ by 0.1, as 0.1 = 1/3 in ternary. 

More elegant way: we want ½ + ½ = 1 = 0.2*, and dividing by 2 gives us 0.1*. We want ¼ + ¼ = 0.1* 

and we note that 2(0.02) = 0.1 to get our answer. 

 

 

  



Computer Science Set 3 

For which integers 𝑚 and 𝑛 is 2𝑚 + 3𝑛 a multiple of 5? 

It’s probably easiest to look at the possible last digits, though you can also think about the values 

mod 5. We want the last digit to be 0 (impossible, as we have even+odd) or 5. 

For increasing m, 2^m ends in 2, 4, 8, 6, and then the pattern repeats. For increasing n, 3^n ends in 

3, 9, 7, 1, and then the pattern repeats (as 2 and 3 are coprime to 5, we would expect the pattern to 

repeat with period 5-1=4 anyway). The combinations that give 5 are (2,3), (4,1), (8,7), (6,9). We can 

get cases for m and n in the form 4k+r, but we can actually summarise them by saying we need 

m+n=2 mod 4. 

 

 

In the game ‘21’ with 2 players, if both play perfectly, does the first or second player win? What if 21 

loses instead of winning? 

’21-21’ is like ‘21’ except there are two tracks, and a player can increment only one at a time and 

wins if they get either to 21. Does the first or second player win? Again, what if getting either track 

to 21 loses instead of winning? 

It’s possible they know the correct strategy for at least one version of this game, but that doesn’t 

mean they can prove it. If they aren’t familiar with the game, play a round with them, but don’t use 

the optimal strategy (at least not every turn – if they are just guessing randomly, you can normally 

choose to win at the end to help them to the insight that choices at the end are constrained in a 

simple way).  

Using backwards induction, if getting to n wins, so does getting to n-4, so the correct strategy is to 

go first, start with “1”, then always increment to a number of the form 4k+1 on your turn. 

If getting to 21 loses instead, then getting to 20 wins. The second player wins by always 

incrementing to a multiple of 4 on their turn. 

 

If there are 2 tracks, then it’s getting to 17 in both tracks that wins. Then so does getting to 16 in 

both, etc. The winning strategy is to go second and always copy your opponent’s move so that both 

tracks are equal, until they are forced to say a number above 17. (Ensuring both tracks are always of 

the form 4k+1 also works.) The same shadowing strategy applies if saying 21 loses instead. 

 

 

Evaluate 𝐼𝑛 = ∫ 𝑥𝑛−1𝑒−𝑥𝑑𝑥
∞

0
 in terms of 𝑛. 

Integrate by parts to find the relation I_(n+1) = n*In. This gives I_n = (n-1)!*I_1, and I_1 can be 

evaluated directly as 1. 

 

  



Extra Computer Science: 

 

3 security guards all have a copy of the key to a vault. How could we make this setup more 

secure? (Give each guard only 1/3 of the key.) 

Why might we not want to require all 3 guards to be present to unlock the vault? (1 might go 

missing.)  

How can we assign keys so we only need 2 guards? (Create 3 keys, and split each between a 

different pair of guards.)  

Why might this not be ideal if we have more guards? (If we need k guards out of n to unlock 

the door, we need nCk keys, and nCk grows large.)  

What could we do instead (let’s suppose we can just use numbers of the keys)? (The standard 

solution is to give each guard a different point on a straight line, whose y-intercept is the 

password for the vault; then any 2 can get the password, but no one can alone; we could 

generalise to the case where k guards are required to unlock the vault using a degree k-1 

polynomial.) 

 

 

In Boolean arithmetic, our variables 𝑥, 𝑦, 𝑧, etc. represent sentences, and the only values they can 

take are 1 (representing true sentences) and 0 (representing false ones). 

Explain why xy represents ‘x and y’ and find algebraic terms that represent ‘x is false’ and ‘x or y’. 

What does 𝑓(𝑥, 𝑦) = 1 − 𝑥𝑦 represent? Show you can write all the above expressions in terms of 

𝑓(𝑥, 𝑦) only. 

xy = 1 iff x=y=1 iff both x and y are true 

1-x represents ‘x is false’ and x+y – xy represents ‘x or y’. We can get to the latter by thinking as if x 

and y are probabilities, or by staring with x+y and correcting to make it at most 1, or by using the 

fact that ‘x or y’ is equivalent to ‘not ((not x) and (not y))’, which is 1 – (1-x)(1-y), which simplifies to 

x+y – xy. 

1 – xy represents NAND (x and y are not both true). 

‘x is false’ is f(x,x) (using the fact that x^2 = x for x=0 or x=1), ‘x and y’ is ‘’x nand y’ is false’, which is 

f(f(x,y),f(x,y)), and ‘x or y’ is f(not x,not y) = f(f(x,x),f(y,y)). 

 

 

 

A combinator is a letter or string of letters that performs an operation on strings of letters (which 

might also be combinators) to its right. We always go from left to right, unless brackets tell us 

otherwise. Two special combinators are: 



K, defined by KAB = A for all A and B 

S, defined by SABC = AC(BC) for all A, B and C 

Create strings X from K, S, and brackets that implement the following operations: 

XAB = B,  XA = A,   XA = AA 

SKAB = B 

SKKA = A (SKX works for any X, in fact) 

S(SKK)(SKK)A = AA (using the previous answer) 

 

A hard extension is XAB = BA 

Writing I = SKK, we know BA = IB(KAB) = SI(KA)B 

Also, SI(KA) = K(SI)A(KA) = S(K(SI))KA 

So we want X = S(K(SI))K or S(K(S(SKK)))K 

 

 

2 logicians sit facing each other. Each will try to answer any yes-no question as well as they can, but 

they each speak through a computer which will switch ‘yes’ and ‘no’ if it is turned on. You can see 1 

has their computer turned on and the other doesn’t, but each can only see the light on the computer 

of the other, not their own. 

You want to know if it’s raining outside. The logicians know, but your question will be put to one of 

them at random after you ask it. You’ll receive a yes or no answer, but you won’t know who it came 

from. What do you ask? 

Now suppose there are three logicians, two whose computers are on, and one whose is off. They can 

see the lights on each other’s computers, but not their own. 

Ask ‘if I asked the other logician whether it is raining, would I hear ‘yes’?’ It is raining iff the answer is 

‘no’. 

You could try conditional instructions like ‘if the other logician’s light is on, say ‘yes’ if it is raining and 

‘no’ otherwise, and if their light is off, ‘say ‘no’ if it is raining and ‘yes’ otherwise’, but this isn’t 

strictly speaking a question. 

Note that you can’t try the trick ‘would I hear ‘yes’ if I asked you…’ because they don’t know if their 

own computer is on or not. 

 

In the three-logician case, you can ask ‘if I asked the logician to your left ‘if I asked the logician to 

your left if it was raining, would I hear ‘yes’?’, would I hear ‘yes’?’. It is raining iff the answer is ‘yes’. 

Again, a conditional instruction would work, even if it’s not strictly a question. 

 



 

Planets are distributed through space. A statement (e.g. ‘the atmosphere is mostly nitrogen’) is 

called ‘common’ on a planet P if it is true on every planet that can be observed from P. 

If for every statement x that is common on any planet, ‘x is common’ is also common, what does 

that tell us about the relation “P can observe P’”? 

Extension: Suppose if x is not common, ‘x is not common’ is common – what do we learn about the 

relation? 

“x is common => ‘x is common’ is common” is equivalent to the relation ‘P can observe P’’ being 

transitive. I.e. if P can observe P’ and P’ can observe P’’, then P can observe P’’. 

“x is not common => ‘x is not common’ is common” is equivalent to the property that if P can 

observe both P’ and P’’, then P’ and P’’ can observe each other. 

 

From physics course: 

Suppose a drug test is 99% sensitive and 99% specific. That is, the test will produce 99% true 

positive results for drug users and 99% true negative results for non-drug users. Suppose that 

1% of people are users of the drug. If a randomly selected individual tests positive, what is 

the probability that he is a drug user? 

(*) 

Notes 

Get them to draw a tree diagram. 

Answer: 50% chance 

We want P(user | test +ive) 

This is P(user & test +ive)/P(test +ive) 

(1) P(user & test +ive) = (0.01)(0.99) 

 

(2) P(test +ive) = P(user & test +ive) + P(not user & test +ive) 

 

= (0.01)(0.99) + (0.99)(0.01) 

We see that (2) = 2*(1), so P(user | test +ive) = ½. 

 


