
General notes: 

Show them how to scroll on the ipad (2 fingers) 

Scroll to the top left corner on starting each page 

They’re allowed to cross out (it’s often better than erasing) 

Make sure to record each q AND press stop at the end of each one, then start a new scene. 

USE THE POINTER 

 

SET 1 

1. Sketch the graph of cos(𝑥𝑦) = 0. (*) 

 

Answer: All curves are scaled versions of y=1/x 

 
 

 

2. Let p be a prime number. Prove that √𝑝 is irrational. Is the converse true? (**) 

 

If they go for a proof by contradiction, check they have made what assumption is 

contradicted 

 

Answer: Write root(p)=a/b, get pb^2 = a^2, then proceed as for showing root(2) is irrational. 

Converse is false as any non-square has an irrational root. 8 is an easy counterexample as its 

root is 2root(2). 

 

3. Can you give an example of a sequence such that every term is irrational but the limit of the 

sequence is rational? Can you give an example of a sequence such that every term is rational 

but the limit of the sequence is irrational?  (*) 

 

See what they say, but then check their understanding of convergence near the start. 



 

For the 2nd part, if they go for the decimal expansion of an irrational number, we can extend 

the question by asking if they can give a sequence for which they can write down the kth term 

explicitly (e.g. using e^x = sum x^n/n!). 

 

Answer: some simple examples for the first part are u_k = root(2)/k, u_k = pi^-k, and u_k = 

1/root(kth non-square integer). See above comment for the second part. 
 

4. Solve the differential equation (
d𝑦

d𝑥
)

2

− (2𝑥 + e𝑥)
d𝑦

d𝑥
+ 2𝑥e𝑥 = 0. (**) 

 

Quite easy? Maybe make it harder by moving the non (dy/dx)^2 terms to the right? 

 

Answer: y=x^2 or y=e^x – factorise the quadratic in dy/dx 

 

5. Differentiate log𝑎 𝑥. For what values of a is the line 𝑦 = 𝑥 a tangent to the curve? (***) 

 

Make sure they don’t get confused over x as a variable vs the x-coord of the particular point 

where the tangent meets the curve 

They might need to be reminded of the change of base formula 

 

Answer: 1/xlna and a = e^(1/e). Use log_a(x) = lnx/lna. 

 

6. Is it true that amongst 𝑛 + 1 integers there must exist a pair whose difference is divisible by 

𝑛? Use this to show that for every integer 𝑛 there exists a number composed only of 5’s and 

0’s that is divisible by 𝑛. (***) 

 

Prompt them to start with a small value of n if needed 

They’ll probably see that for n=2 we are putting 3 things in two sets (even vs odd). What are 

the analogues of even vs odd for n=3? It’s not just ‘multiple of 3 vs not’, because one of 

those sets is ‘larger’ than the other. 

Don’t need to do the last part if they spent a long time on the first. 

 

Answer: a-b is divisible by n iff a=b mod n. There are n equivalence classes mod n, so for 

any n+1 integers, 2 must be in the same class. 

For the last part, take the n+1 numbers to be 5, 55, 555, 5555, etc.  



SET 2 

 

1. Which is larger: 20162 or 2017 × 2015? (*) 

 

Answer: (2016+1)(2016-1) = 2016^2 - 1 

 

2. For which 𝑛 ∈ ℕ, if any, are three numbers of the form n, n + 2, n + 4 all prime? The 

numbers 𝑚, 𝑛, 𝑚 − 𝑛 and 𝑚 + 𝑛 are all prime numbers. What is their sum? (**) 

 

Prompt: should n be even or odd? 

If all else fails, try so some values of n. 

Second part: get them to think about the relative sizes of the 4 numbers.  

 

Answer: One of n, n+2, n+4 must be a multiple of 3. So, n=3 if all are to be prime. 

Second part: m>n and exactly one of m,n must be odd, so n=2. Then m-2,m,m+2 are as in the 

1st part, so m-2=3 and m=5. 

3. Differentiate 𝑥2 with respect to ln 𝑥. (**) 

Prompt them to write y=x^2 and u=lnx if needed 

 

Answer: 2x^2 

 

4. Sketch the region given by |𝑥 − 2| +  |𝑦 − 2| ≤ 1. Sketch also the region given by 

||𝑥| − 2| + ||𝑦| − 2| ≤ 1. (**) 

 

Prompt them to think about symmetry. Don’t forget we need to shade the region, not just 

sketch the boundary. 

 

Answer: (Part 2 is the whole thing; part i is the top right part only) 

 
 

5. Each tutor in an admissions team ranks applicants A, B, C in some order. It is given that the 

majority of admissions tutors ranks A higher than B, and also that the majority of the tutors 

rank B higher than C. Does it follow that the majority of the tutors rank A higher than C? (**) 

 

Prompt them to try n=3 

 



Answer: A counterexample is T1: A>B>C, T2: B>C>A, T3: C>A>B 

 

6. Let 𝐹(𝑡) =  ∫
𝑥𝑡−1

ln 𝑥

1

0
 𝑑𝑥. By differentiating with respect to t, show that 𝐹′(𝑡) =

1

𝑡+1
. By 

integrating this with respect to t, find an expression for 𝐹(𝑡) and hence show that 

∫
𝑥−1

ln 𝑥

1

0
 𝑑𝑥 = ln 2. (***) 

 

Let them throw out ideas before prompting them to differentiate inside. Don’t prompt them to 

integrate the result straight away, as it’s actually not a hard idea to see. Instead, say ‘how can 

we find F in terms of t now?’ Don’t ask the last part as a ‘show that’, but instead just ask 

them to evaluate the integral. 

Brief justifications of swapping differentiating and integrating: 1) think of the integral as a 

kind of sum; 2) if the function inside is analytic in x, each term is f(t)x^k and it doesn’t 

matter what order we do the operations in for each of those terms. 

Btw, if we remove the ‘-1’ on top of the integral (or replaced it with ‘-k’ for any k besides 1), 

the same technique would give the same answer for a completely different integral. So, the 

technique stands in need of some justification. (Is it enough to point out that changing the ‘-1’ 

means the integral diverges as x->1? But what if we replaced it with, say, cos(x-1)?) 

This is also worth bearing in mind in case they split the integral into (x^t)/lnx – 1/lnx, as each 

half of that individually can’t be integrated on that range. 

Answer: Using d/dt(x^t) = (x^t)lnx, d/dt of the inside is x^t, and integrating wrtx gives 

1/(t+1). Integrating wrtt then gives ln(1+t)+c, and the case t=0 shows c=0.  



SET 3 

 

1. True or false: the number 𝑃 = 𝑛2 − 𝑛 + 41 is prime for all natural numbers. (*) 

 

‘If we’re trying to guess a value for n for a counterexample, what’s a natural one to try?’ 

‘How can we get rid of the 41?’ 

Or: ‘how can we get some of the terms to cancel?’ 

 

Answer: n=41 is a counterexample 

 

2. In a right angled triangle with hypotenuse c and other two sides a and b, inscribe a circle 

tangent to all three sides. If d is the diameter of this circle, show that  𝑎 + 𝑏 = 𝑐 + 𝑑. (*) 

 

Prompt to look for symmetries? Or equal lengths? 

They might fixate on the radii inside the circle or trying to split into smaller triangles 

 

Answer: draw the radii (length r=d/2), find lengths a-r and b-r on the two shorter sides, then 

use symmetry to see c = (a-r)+(b-r).  

 

3. Differentiate: cos(sin(cos 𝑥))). (*) 

 

Prompt them to do sin(cos) separately if their working gets messy 

 

Answer: sin(x)*cos(cos(x))*sin(sin(cos(x))) 

 

4. Sketch the graph of 𝑦 =
ln 𝑥

𝑥
. Sketch also 𝑦 = (

ln 𝑥

𝑥
)

2

(**) 

 

What’s the best way to explain the limit as x->infty? (1 way: (logx)/x < a when logx < ax. 

Will y=logx eventually lie under the line y=ax? Why?) 

 

Could think of this as d/dx ((lnx)^2), as y = (lnx)^2 is easy enough to sketch and then they 

can think about the gradient. 

 

Dissuade them from differentiating the second equation again, instead of thinking about the 

shape of the first graph. 

 

Answer: 

 

  
 



 

5. In how many ways can you make £100 using only £2, £1, and 50p coins? What about using 

£2, £1, 50p and 20p coins? (**) 

 

Prompt: ‘how to make £2 out of the others?’ Then: ‘how to make £4?’ 

Prompt them to try just 1s and 50s first? 

Is the last part too hard? 

 

Answer: To make n from 1s & 50s: just count number 1s, which is from 0 to n, so there are 

n+1 ways. 

To make 2n from 2s, 1s, and 50s: either a) there are there no 2s, in which case there are 2n+1 

options, or there are 2s, in which case remove 1 and make 2n-2. So, if there are f(n) ways, 

f(n)=2n+1+f(n-1). Then f(n) = sum (2k+1) from 0 to n (check case n=2 to make sure starting 

from 0 is right). This is (n+1)^2. So f(100) = 51^2 = 2601. 

 

Using a similar method, I make it (n+1)(n+2)/2 ways to make £n from 1s, 50s, and 20s, and 

hence n(n+1)(4n-1)/6 ways to make 2n from 2s, 1s, 50s, and 20s, but this needs to be checked 

and seems hard for a student anyway. 

 

Simpler method: For part 1, if we have 50-k £2 coins, we can have between 0 and 2k £1 

coins. So the number of ways is sum (2k+1) from 0 to 50. 

We can’t apply this to part (ii) easily as 20 doesn’t divide 50. 

If we CHANGE TO 5p COINS INSTEAD then we get sum (i=0 to 50) (2i+1)^2 = 101*1-

2*103/6 = 10403*17 = 176851 using the method from part (i) twice 

 

6. 100 cards are on a table, with the numbers from 1 to 100 written on them. You are given a 

pile of 99 blank cards. You then repeat the following process. You remove two cards that are 

on the table, work out the difference between the two numbers written on those cards, write 

that down on a blank card, and put that card down on the table. At each step the total number 

of cards on the table goes down by 1, so eventually there will be just one card left. Prove that, 

however you carry out this process, the number written on that final card is even. (***) 

 

Prompt: Thinking about individual cards makes things complicated – what’s a property of the 

set of cards as a whole that we might look at? 

 

Answer: Thinking about the sum of all remaining numbers, it starts at 5050 and if we remove 

cards x and y with x>y, it reduces by x+y-(x-y) = 2y, which is even. So, the sum is always 

even. So, if 1 card remains, its value is even. 

 

  



SET 4 

 

1. If sin 𝜃 =
5

13
 and 

𝜋

2
≤ 𝜃 ≤ 𝜋, what is the value of sin 2𝜃? If tan 2𝜃 = 1 what are the possible 

values of tan 𝜃? Hence find the value of tan
𝜋

8
. (*) 

 

I’d prefer to just ask them to find tan(pi/8). If they use double angle, maybe get them to do it 

geometrically?  

 

Answer: root(2) - 1 

 

Geometrically: draw either a 1,1,root2 triangle or any isosceles triangle with peak angle pi/4 

and split the pi/4 in half then look for a right triangle. 

 

2. What does 
𝑛!

𝑛𝑛
 tend to as 𝑛 → ∞? What about 

2016𝑛

𝑛!
? (**) 

 

Answer: Split into n terms top and bottom. 1st is < 1/n and second is < 

(2016^2016/2016!)x2016/n for large n, so both go to 0. 

 

 

3. Differentiate from first principles 𝑥2 and sin 𝑥. (*) 

 

Get them to justify (1-cos(h))/h -> 0? You can do this geometrically (in the CAST circle, as 

arc length h goes to 0, using h^2 > sin(h)^2 + (1-cos(h))^2). Or handwave that 1-cos(x) has a 

double root at x=0 and so ‘looks like’ x^2. Or say sin(h)~h, cos(h) = (1-sin^2(h))^0.5, and do 

a binomial expansion to get 1-cos(h) ~ h^2. 

 

4. Sketch the graphs in polar coordinates of 𝑟 = 𝜃, 𝑟 = 𝜃2 and 𝑟 =
1

𝜃
. 

 

Ask them about gaps between intercepts. For the last one, what happens as theta approaches 

0? 

 

Answers: spirals. Spiral with constant gaps between intercepts, spiral with increasing gaps, 

spiral with an arm that looks like y=1/x going to the right and soirals in towards the origin to 

the left. 

 

5. The point P is located in the interior of a rectangle such that the distance of P from one corner 

is 5, from the opposite corner 14, and from a third corner 10. What is the distance of P from 

the fourth corner? (**) 

 

Make sure they don’t draw any ‘straight’ diagonals – move the point to minimise symmetry if 

needed. 

Prompt them to write down all the independent info and no more. Keep everything in similar 

forms. 

 

Answer: 11, from repeated Pythagoras. Get a^2 + c^2 = 100, a^2 + d^2 = 25, b^2 + c^2 = 

196, b^2 + d^2 = x. Then (2)+(3)-(1) gives x^2=121. 

 



6. Let S be the set of integers 1, 2, 3, … , 𝑛. How many functions are there 𝑓: 𝑆 → 𝑆? How many 

of these are invertible? For 𝑛 = 5 give an example of a non-identity function that is its own 

inverse. (***) 

 

See what they say, but then check their understanding of ‘function’ near the start. 

 

Answers: n^n (n choices for each of n inputs); n!; n|->6-n  

 

In the past we’ve ALSO ASKED ‘how many self-inverse functions that have no fixed 

points?’ The integers must be sorted into pairs, so the answer is 0 if n is odd, and if n is even 

we get n-1 choices for the first number, then n-3 for the next (as 2 are already paired), then n-

5 etc., so the answer is n!/(2*4*…*n) = n!/2^(n/2)(n/2)!  

 

 

 

  



SET 5 

 

1. Prove that 𝑛7 − 𝑛 is divisible by 42 for all natural numbers n. (*) 

 

Answer: We have n(n-1)(n^5+…+1) = n(n-1)(n+1)(n^4+n^2+1) 

n(n-1)(n+1) is divisible by 2 and 3 for all n. 

If n=0,1, or -1 mod 7, then we are done. If n=+/-2 mod 7, the last bracket is 21. If n=+/-3 mod 

7, it is 91. Either way, 7 is a factor, so we are done. 

 

2. Is it possible to construct two right angled triangles with sides 𝑎, 𝑏, 𝑐 and 𝑎 + 1, 𝑏 + 1, 𝑐 + 1 

such that 𝑎, 𝑏, 𝑐 are all integers? (*) 

 

Prompts: what rule due to sides of a RAT follow?; try case where all are even – what goes 

wrong?; what do you know about a+b and c? 

 

Answer: (1)a^2 + b^2 = c^2 and (2) (a+1)^2 + (b+1)^2 = (c+1)^2. If a, b have same parity, c 

is even; but then a+1, b+1have same parity, so c+1 is even – contradiction. Likewise for 

opposite parities. 

Or: expanding (2) and using (1) gives 2a + 2b + 1 = 2c. a+b>c by the triangle inequality, so 

we have a contradiction. Or: we square again and get 8ab+1=0. These methods don’t require 

a,b,c to be integers. 

 

3. Is log10 5 rational or irrational? For what values of n is log10 𝑛 rational? (**) 

 

Prompt them to split up 10 if needed 

 

Answer: log5 = p/q means 5^q = 10^p = 5^p2^p – impossible. 

Logx = p/q means x=10^p/q trivially – maybe it’s better to ask ‘for which integers is logx 

rational?’, for which the answer is powers of 10. 

 

4. Sketch on the same axes the graphs of 𝑦 = 𝑥2 and 𝑦 = √𝑥. Explain why your sketch shows 

that ∫ 𝑥2 𝑑𝑥
1

0
+ ∫ √𝑥

1

0
 𝑑𝑥 = 1 and verify this result directly. Sketch also the graphs of  

𝑦 = tan 𝑥 and 𝑦 = arctan 𝑥 and use your sketch to find ∫ arctan 𝑥
1

0
 𝑑𝑥. (**) 

 

Make sure the ‘verify’ part is a very quick check. 

Maybe just skip to the tan and arctan part with a strong interviewee? 

 

Answer to last part: note y=tanx exits the cube at (arctan(1),1). 

Int_0^1 arctan(x)dx = 1*arctan(1) – Int_0^arctan(1) tan(x)dx = arctan(1) – ln(2)/2 

 
 

 



 

5. Sum of the series 1! 1 + 2! 2 + 3! 3 + ⋯ + 𝑛! 𝑛. (**) 

 

It’s typically easiest to just try the first few partial sums and look for a pattern, then prove it 

by induction. 

 

Answer: Note (n+1)! – n! = n!n. Use this to rewrite as a telescoping series, or to complete a 

proof by induction once the form (k+1)! is guessed. 

 

6. Two darts players, Alex and Billy, throw alternately at a board and the first to score a bull’s 

eye wins the contest. The outcomes of different throws are independent, and on each throw 

Alex has probability 
1

2
 of scoring a bull’s eye, while Billy has a probability 

1

3
. If Alex goes 

first, then what is the probability that Alex wins the contest? (***) 

 

Not sure this is a *** question. 

Prompt: what’s the probability A wins on the kth throw? 

Answer: P = ½ + ½(2/3*½) + ½(2/3*½)(2/3*½) + … 

This is a/(1-r) were a=½ and r=2/3*½=1/3, so we get ¾. 

We could extend this to ‘what does Alex’s chance of hitting need to be for them to have an 

equal chance of winning?’ 

P (wins on the kth go) = p*(1-p)(2/3)^k-1, so we want p/(1-(1-p)(2/3)) = ½, which gives p = 

¼. 

If we just called B’s chance of winning ‘q’, we would have p+q - pq=2p, so p = q/(1+q)  



SET 6 

 

1. In an isosceles triangles with two sides of length 1, what length should the third side be in 

order to maximise the area of the triangle? (*) 

 

This seems quite easy. If they don’t figure out the sine expression for the area is best, should 

we wait a minute or to before prompting for it? 

 

Answer: We maximise ½*sin(theta), so we want theta = pi/2, and the opposite side is root(2). 

Or: we call half the base y, so the area is yroot(1 – y^2), the differentiate wrt y. 

 

A (much) more difficult similar question: an isosceles triangle is inscribed in a circle or 

radius r. Two sides have length x. What value of x maximises the area? (I make it x = 

2root(2/3)*r – draw the radii, look at the isosceles triangle (r,r,x), find the angle at the centre 

with the cosine rule, express the area of the original triangle, then differentiate wrt x. It’s 

quicker if you multiply the derivative by the sine of the angle, as we can differentiate the 

cosine to get sin(theta)*d(theta)/dx.) 

 

2. Simplify the expression: √4 + 2√3 − √4 − 2√3. Simplify also 
√𝑘2+𝑘+2𝑘√𝑘

1+√𝑘
. (*) 

 

Answer: squaring in part (i) gives 8 – 2root(16-12) = 4. In part (ii), the top is 

root(k*(1+root(k))^2), so we just get root(k), as everything is positive. 

 

3. Given that 𝑥𝑛 − 1 is prime, determine the nature of x and n. When n is even, show that  

2𝑛 − 1 is divisible by three. (**) 

 

Prompts: What are the factors? What factors can n have? If n=4, isn’t 2^n the same as 4^2? 

(But we said x can’t be 4, only 2…) 

 

Answer: We have (x-1)(x^(n-1) + … + 1), so x=2 or n=1 and x=p+1. If n-1 is odd (i.e. n is 

even), x+1 (i.e. 3) is a factor of the second bracket. 

If n=ab, we have 2^(ab) – 1 = (2^a – 1)(2^a(b-1) + … + 1), so we need a=1. I.e. n must be 

prime. 

 

4. Sketch the graph of 𝑦2 = 𝑥3 − 𝑥. (**) 

 

Unless they take a lot of time getting the basic idea, press them on the gradient at the 

intercepts and whether the curve is concave or convex to the right (not necessarily using that 

language) 

 

An extension could be to sketch y^2 = x^2 – x^4 (figure of eight – watch the gradient at the 

origin – it’s easiest to write (y/x)^2 = 1 – x^2 and think about the limit as x->0) 

 

Answer: 



 
 

5. Calculate:  

 

∫ |𝑥 + 1|
∞

−∞

− 2|𝑥| + |𝑥 − 1| d𝑥 

Calculate also:  

 

∫ |𝑥 − 1|
∞

−∞

− |𝑥 − 2| − |𝑥 − 3| + |𝑥 − 4| d𝑥 

(***) 

 

If they try to split the integral, lead them to see each part is infinite. They’ll probably split 

into ranges anyway, but if not, ask them what happens if x is very large, then very negative, 

then in between. 

 

Answer: On dividing into ranges, the first is 0 for |x|>1 and 2-2|x| in between: 

 
The area underneath is 2. 

 

Likewise, the second is 0 for x<1 or x>4, 2 for 2<x<3, and forms straight lines in between 

(we can see this last bit even without calculating, by continuity + linearity): 

 
The area underneath is 4. 

 

A cheeky method is to write it as (|x-1| - 2|x-2| + |x-3|) + (|x-2| - 2|x-3| + |x-4|), which just 

gives two lots of the expression from the first part.  



 

6. We play a game with a pack of 2𝑛 cards, on each of which is written a positive integer. The 

pack is shuffled and the cards laid out in a row, with the numbers facing upwards. We take 

turns to remove one card from either end of the row, until all cards have been picked up. The 

score is the total of the cards in each of our hands. Should you go first or second? (***) 

 

Let them play around for a while. They might make tacit assumptions about what is on the 

cards (e.g. consecutive numbers, or relatively close numbers) – give a small counterexample 

if they do. 

They’ll often try ‘take the largest card each time’ – ask them to find a counterexample (e.g. 1 

2 100 2). 

 

It’s best for them to just try to find a strategy for whoever’s going next, rather than jump 

straight to the ‘who should go first’ question. 

 

Try to use small examples. Don’t forget there are an even number of cards. 

 

If they try, point out it’s probably not useful to attempt induction on the number of cards, as 

which player wins depends on the cards they’ve already picked up, not just the number 

remaining. 

 

One way to start is to think: what if there’s one really big number, and all the rest small? 

What is there are two really big compared to the rest? What if they are next to each other, vs 

1 apart, vs 2 apart, etc.? What if there are three really big ones? Can we generalise? 

 

Answer: 

Compare the sum of the odds to the sum of the evens. The first player can choose to only ever 

pick evens or only pick odds and force their opponent to do the opposite, so they can win if 

the sums are different. If the sums are equal, the first player can at worst force a draw, and if 

they are ever ahead, they can switch parity to win (e.g. 2 1 1 2 1 1 – take the first 2, then 

switch to evens). 

(Asking if the sums being equal means they must draw could be an extension question, but I 

haven’t figured out for exactly which sets of numbers there is a winning strategy.) 

 

 

 

 

  



SET 7 

 

1. If 𝑛 − 1 is divisible by 3, show that 𝑛3 − 1 is divisible by 9. (*) 

 

Answer: either n=3k+1 and sub that into the cubic, or n^3 – 1 = (n-1)(n^2 + n + 1) = (n-1)((n-

1)^2 + 3n) 

 

2. Is 𝑖𝑖 real or complex? (*) 

 

If they give an answer quickly, prompt them on whether that’s the only way of writing it. Can 

get into ‘what does a^b mean if a and b are complex numbers?’ and definition of log if there 

is time. 

If they don’t get the idea quickly, prompt them: ‘in what context have you seen I in an 

exponent?’ 

 

Answer: i=e^i(pi/2) under the usual convention, so i^i = e^-pi/2 

 

3. Define what is meant by the binomial coefficient (𝑛
𝑘

). Give a combinatorial explanation as to 

why (𝑛
𝑘

) = (𝑛−1
𝑘

) + (𝑛−1
𝑘−1

) and verify this result algebraically. (**) 

 

It might help to number the n things 1 to n. Imagine we had n-1 and just added the nth – how 

does the number of ways of choosing k things change? 

 

Answer: If we choose k things, either they include the nth thing or not. If so, we are choosing 

k things from the first n-1. If not, we choose the remaining k-1 things from the first n-1. 

 

Algebraically, start with the RHS and take out common factors of (n-1)!, 1/(k-1)!, and 1/(n-k-

1)!, then simplify. 

 

4. You are given football and a choice of two bets: You can either take one shot and win £1000 

if you score, or take three shots and win £1000 if you score two out of three. Which should 

you choose? (**) 

 

Answer: Given chance p of scoring each time, chance of winning in the second case is p^3 + 

3p^2(1-p) = p^2(3-2p). We want this > p, so p(3-2p)>1 (given p>0), i.e. (2p-1)(p-1) < 0, so if 

1>p>1/2, take the second bet. If p=0,1/2,or 1, take either. If 0<p<1/2, take the first. 

 

5. Does there exist a polynomial P such that |𝑃(𝜃) − cos 𝜃| ≤ 10−10 for all real 𝜃? Does there 

exist a polynomial P such that |𝑃(𝑥) − 𝑒𝑥| ≤ 10−10 for all real 𝑥? (**) 

 

Thinking about the graphs and behaviour as x -> +/- infinity might help. Prompt them to 

interpret mod difference as a measure of closeness if they try to do everything algebraically. 

 

Answers: no and no, as the polynomial must go to +/- infinity as x goes to - infinity 

 

6. Sketch the graph of 𝑦2 = sin 𝑥. Now sketch the graph of 𝑦2 = sin(𝑥2). (***) 

 



Be a bit strict about gradients at the x-axis 

 

Answers: 

First graph: 

 
Second graph: 

 
 

  



SET 8 

 

1. What is the last digit of 101! What is the penultimate digit of 101! How many zeros are there 

at the end of 101! (*) 

 

Answers: 0 and 0. 

We count factors of 10, which is limited by multiples of 5, as there is at least a factor of 2 for 

every factor of 5. We have 20 multiples of 5, 4 of which are multiples of 25, so 24 zeros. 

 

2. Let ABCD be a quadrilateral. Prove that if P, Q, R, S are the mid-points of AB, BC, CD, DA 

respectively, then PQRS is a parallelogram. (*) 

 

Answer: let A be O and look at the vectors b, c and d. p=b/2, q=(b+c)/2, r=(c+d)/2, s=d/2. q-

p=r-s, so we have 2 parallel sides of equal length, hence a parallelogram. 

 

(An extension: for which ABCD is PQRS a square? We need equal diagonals in PQRS, so (p-

r).(q-s)=0, so (b-c-d).(b+c-d)=0, so b.b + d.d – c.c – 2b.d = 0, so c.c = (b-d).(b-d). This means 

equal diagonals in ABCD, so it’s also a square.) 

 

3. For any integer 𝑛, what are the possible values of 𝑛2 mod 8? Hence show that the equation 

𝑎2 + 𝑏2 − 8𝑐 = 6 has no integer solutions.  (*) 

 

Answer: 0,1,4,1,0,1,4,1 for mod n = 0-7 

We’d need a^2 + b^2 = 6 mod 8, and we can only get 0, 1, 2, 4, or 5. 

 

4. When does the inequality (𝑥2 + 𝑦2 − 4)(𝑥𝑦 − √3)(𝑦2 − 4𝑥) < 0 hold? (**) 

 

Ask as ‘shade the region for which’? 

It might get a bit tedious. 

 

Answer: 

 
 

5. I have n cards labelled 1 to n, from which I deal a hand of k cards. What is the probability 

that the cards are dealt in descending order? (***) 

 

If they get an answer reasonably quickly, ask them to explain it another way. 

It might be useful to think of ourselves as ordering all n cards, then checking if the first k are 

in descending order. 

 



Answer: 

Once the k cards are chosen, the probability is 1/k! Since this is the same whichever k cards 

are chosen, the total probability is also 1/k!. 

Or: there are nCk choices of the first k cards and (n-k)! ways of ordering the remaining cards. 

So, the probability is (nCk*(n-k)!)/n!, which is just 1/k! 

 

6. Sketch the graph of 𝑦 = 𝑥𝑥. Sketch also 𝑦 = 𝑥
1

𝑥. Show that the curves meet tangentially and 

find the point of intersection. (***) 

 

There are potentially a few steps. Point out this only makes sense for x>0 if they are worried 

about x<0. Let them assume the limits for xlnx and lnx/x. 

Note a^a = a^1/a means a=1 or a=1/a, so a=1 either way. 

 

Answer: 

 
They meet at x=1,y=1. 

Using y=exp(xlnx) and y=exp(lnx/x), the derivatives are (1+lnx)x^x and ((1-

lnx)/x^2)x^(1/x). x=1 makes these both1.  



SET 9 

 

1. Find the real values of 𝑥 and 𝑦 such that (𝑥 + 𝑦 − 2)2 + (2𝑥 − 𝑦 − 1)2 = 0. (*) 

 

If they want to multiply out, do we let them do it and suffer (and maybe e.g. write it as a 

quadratic in x, which does eventually work) or ask them for an alternative straight away? It 

might be best to do a different question first to see how strong they are beforehand? 

 

Answer: Both brackets are 0, so x=y=1. 

 

An extension might be to allow complex values for x and y. Given |x|=r, what is the locus of 

y? Or, given arg(x)=theta, what is the locus of y? 

 

2. How many times would you need to toss a fair coin in order to be 99% confident of obtaining 

at least one head? (*) 

 

Answer: We want (1/2)^n < 0.01, so 2^n>100. I.e. n is at least 7. 

 

We could then ask for there probability of at least 2 heads to be 99%+ ((1/2)^n + n(1/2)^n) < 

0.01, so 2^n > 100(1+n). n is at least 11.) 

 

3. Prove that 𝑛2(𝑛2 − 1)(𝑛2 − 4) is divisible by 360 for 𝑛 > 2(**) 

 

Answer: 360 = 2^3 * 3^2 * 5 

We have (n-2)(n-1)n*n(n+1)(n+2). We read off 2 factors of 3 and a factor of 5, and note we 

have a factor of 8 if n=4k+/1 and of 64 if n=4k+2 or 4k. 

 

4. Sketch the graph of 𝑦 =
𝑥

3
+

3

𝑥
. What is the equation of the oblique asymptote? (**) 

 

This seems easy as written. Maybe write (x^2 + 3)/3x? 

 

Answer: 

 
  



 

5. Evaluate the integrals: 

 

I = ∫
sin 𝜃

sin 𝜃+cos 𝜃
𝑑𝜃 and J = ∫

cos 𝜃

sin 𝜃+cos 𝜃
𝑑𝜃 (***) 

 

We should probably do definite integrals from 0 to pi/2. 

 

If they substitute for sin and cos, or for pi/2-theta, they can get J = I. Ask how they could 

have got this without substituting. If we had a second relationship between I and J, we could 

solve for them – how might we get this second relationship? 

 

If they think of adding and subtracting but can’t solve the subtraction version, ask them to 

look for the relationship between top and bottom. 

 

Answer: 

I+J = pi/2 and J-I=0, so I=J=pi/4. 

 

 

6. Let 𝐴 = (
𝑎 1
0 𝑎

). By calculating 𝐴2 and 𝐴3, conjecture an expression for 𝐴𝑛. Prove this 

conjecture. If 𝑝 is a polynomial, what is 𝑝(𝐴)? (***) 

 
Ask if they’ve seen matrices – check matrix multiplication first (for the sake of the class, if not the 
student). 
 

Answer: 𝐴𝑛 = (𝑎𝑛 𝑛𝑎𝑛−1

0 𝑎𝑛 ). Prove by induction. 𝑝(𝐴) = (
𝑝(𝑎) 𝑝′(𝑎)

0 𝑝(𝑎)
). 

 

 

  



SET 10 

 

1. Show that 
1 + sin 𝜃 + 𝑖 cos 𝜃

1 + sin 𝜃 − 𝑖 cos 𝜃
= sin 𝜃 + 𝑖 cos 𝜃. 

 

I’d prefer to ask them to simplify the LHS, otherwise they’ll just cross multiply. 

 

Answer: we have (1+iexp(-it))/(1 – iexp(it)). Take out a factor of iexp(-it) on the top and the 

rest cancels to 1. Might multiply by 1 + iexp(it) top and bottom first. 

 

 
 

2. The floor function ⌊𝑥⌋ is defined as the largest integer less than or equal to x. So, for example, 
⌊5.6⌋ = 5 and ⌊3⌋ = 3. Find 

∫ 2−⌊𝑥⌋
∞

0

𝑑𝑥 

(*) 

 

Very similar to a STEP question. Sketch floor(x) first. 

 

Answer: We get 1 + ½ + ¼ + … = 2 by looking at the area under the graph. 

 

3. What is the probability that two people in this room share the same birthday? What is the 

probability that two people in this room were born in the same month? What is the 

probability that two people in this room were born on the same day of the week? (**) 

 

They are likely to have seen this before. 

 

Answer: 1 −
364

365

363

365
…  etc depending on how many people. 1 −

11

12

10

12
… etc depending on 

how many people. Most likely 1 (pigeonhole principle). 

 
 

4. Find the integer values of 𝑚 and 𝑛 that satisfy the equation 2𝑚+1 + 3𝑛 = 3𝑛+2 − 2𝑚. (**) 

 

Answer: 3(2^m)=8(3^n), so n-1=0 and m-3=0. 

 

5. Solve 𝑒𝑥2
= cos 𝑥. (**) 

 

This is very easy if you draw the graphs. 

 

Answer: x=0 only 

 

Hard extensions: Replace x with a+ib. Get simultaneous equations in terms of trig and 

hyperbolic trig functions by equating real and imaginary parts. Show there are no solutions 

for a=0 or b=0 except a=b=0. Show there are infinitely many solutions on the line a=b. 

 



6. What is the shape of the arc traced by a point on the rim of a circular wheel as the wheel rolls 

along a straight line without slippage? Find parametric coordinates for the position of the 

point after the wheel was rotated through an angle of 𝜃. Sketch the curve and find the total 

distance travelled by the point during one full rotation of the wheel. (***) 

 

It seems unlikely they’ll have covered arc length. We could explain it with vectors 

(differentiate the position vector to get the velocity vector, then integrate its magnitude) if 

they’re really good. 

 

Answer: 𝑥 = 𝑟(𝜃 − sin 𝜃), 𝑦 = 𝑟(1 − cos 𝜃). Distance travelled is 8r using integration for 

arc length. (It helps to use 1-cos(theta) = 2sin^2(theta/2).) 

 
  



An interesting question is ‘if we flip n coins, what’s the probability of getting at least 2 

consecutive heads?’, but it’s too hard to be an extension to the coins question above. 

 

Answer: The number of arrangements of n coins without 2 consecutive heads is the n+2th 

Fibonacci number, as if f(n) is the number of such arrangements, f(n+1)=f(n) (take any such 

arrangement of n and add a T at the end) + f(n-1) (take any such arrangement of n-1 and add 

HT) and f(1)=2, f(2)=3. 

 

So, we get 1 – F(n+2)/2^n 
 


