
Maximising the number of consecutive bounces

Suppose a ball is initially at rest on top of a staircase. What horizontal
velocity should you give the ball so that it bounces on the maximum number
of consecutive steps, and bounces on each step at most once. Assume that
each step has height h and width h and no energy is lost to the surroundings.

Solution

First note that by conservation of energy, every time the ball has 0 ver-
tical velocity it must be back to its initial height. The path that the ball
must take in order to maximise the consecutive bounces, is that of barely
skimming the edge of the first step after bouncing on it as shown. By sym-
metry, we obtain 3 sections of h

3 as shown on the diagram. Then the time
taken to hit the step is found using s = ut + 1

2at
2, with u = 0, a = g, s = h

as initially the ball only has horizontal velocity. So t =
√

2h
g . This must

equal the time to cover h
3 horizontally, which means

v =
h
3√
2h
g

=

√
gh

18
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Resistors

1) Consider the arrangement of resistors given below. Each resistor has
the same resistance R and the Emf of the battery is E.

i) By reversing the polarity of the battery, deduce appropriate relationships
between the currents. ( 4 relationships can be deduced ).
ii) Find the current i1 in terms of E and R.
iii) Hence or otherwise determine the total resistance across the battery.

Solution

i) Reverse the polarity and notice that this is exactly the same as look-
ing at a mirror image of the circuit. Reversing the polarity means that the
directions of all currents in the circuit will be reversed. Consider for exam-
ple i4: Reversing the polarity makes the current in OF −i4, looking at the
mirror image the current in OF is also −i1. So i1 = i4. We can similarly
deduce i5 = i6 and i8 = i7. Also these already specify the relationship
between i2 and i3. Either by looking at note C or by the same symmetry
argument as before i9 = 0. To summarise:

i9 = 0, i8 = i7, i5 = i6, i1 = i4
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ii) Let VX be the potential at point X. Without loss of generality we take
VA = E, VF = 0. i1 = i4 implies the p.d across OA = p.d across OF
→ VO − 0 = VA − V0. So VO = E

2 → i1 = E
2R .

iii)
Method 1

Since i9 = 0, VO = VC and this implies i5 = i7 as those edges have the
same potential difference across them. So i5 = i2

2 . Looking at the current
in AOB, we have

i5R + i2R− i1R = 0

i2 =
2i1
3

=
E

3R

The current through the battery is ibattery = i1 + i2 = 5E
6R . If the resistance

of the circuit is Reff , we have E = ibatteryReff and

Reff =
6R

5

Method 2

Note that since no current flows through OC we can remove OC from the
circuit. Also since i5 = i6 and i1 = i4, we can disconnect AOF from O
without affecting any of the currents through the circuit. So we have the
equivalent circuit given below:

Reff = (
1

2R
+

1

3R
)−1 =

6R

5
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Graph sketching

Sketch graphs of the following:

a) x2 + y2 = 1
b) x3 + y3 = 1
c) xn + yn = 1 as n becomes large.
d) x2n + y2n + x + y = 1 as n becomes large.

Solution

a) This is straightforward. The equation is that of a circle, as it described
points with coordinates whose distance from the origin is 1.

b) Solving for y, we obtain y = (1 − x3)
1
3 . Looking at the derivative of

y we get :
dy

dx
=

−x2

(1− x3)
2
3

=
−1

( 1
x3 − 1)

2
3

As x → ±∞, y → 1. We also see that there is a turning point at x = 0.
The derivative also is infinite at x = 1. Finally note the graph is symmetric
about the line y = x since the equation is invariant under the substitution.
So we obtain the graph below.

c) Looking at what happened in the first two cases, it’s clear that we must
consider n odd and n even cases. Consider first the even case: We have 4
lines of symmetry, sending x to −x, y to −y, x to y and x to −y, all leave
the equation unchanged, implying that we have respectively symmetry in
the x axis, y axis, line y = x and line y = −x. Close to (1, 0) on the curve,

1



the curve is approximately vertical as even if x is close to 1, xn is going to
be extremely small and n is large. By symmetry this means the curve is
approximately horizontal at (0, 1). The ’turning’ point, ie where it switches
from being vertical to horizontal lies on y = x ( for the first quadrant ),

solving we get y = x = e
1
2n . As n get large, this tends to 1. So the graph

tends to a square.

For odd n, we have only one line of symmetry, y = x. Arguments about
the first quadrant do not change, so we know that in the first quadrant, it
will still look like a square. From what we obtained with the case n = 3, we
know what the shape sort of looks like. In fact we could differentiate again,
or alternatively rearrange to get y = (1−xn)

1
n . If x is large, 1−xn is about

−xn, so y tends to x. Also note that as x approaches −1, y tends to 2
1
n

which tends to 1. So the turn occurs sharply at (−1, 1).

d) Sketch a graph of x + y = 1 and x2n + y2n = 1 on the same pair

of axes for large n. In the first quadrant note that if we pick any num-

2



ber inside the square, then x + y = 1 dominates the equation. In the the
other quadrants, suppose we have some value of x and we want to find the
corresponding value of y, then x2n goes to 0, so x dominates and we are
trying to find y2n + y = 1−x. We need to choose y very close to ±1 as, y2n
goes to zero for any value in the square. So we obtain the following diagram:
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AC Transmission lines

AC power lines operate through high voltage to reduce transmission loss.
P = IV and P = I2R, so we increase V to transmit a given power with
lower losses. We also know from ohms law that V = IR, so P = V 2

R . Why
don’t we minimise V in a transmission line?

Solution

The question is designed to confuse and test your understanding. The logic
is muddled, V is used to represent two different things. We need to not
confuse between power dissipated across the transmission line and the load.
The total resistance between the transmission lines is Rtrans and the load its
transmitting to has a power demand Pload = IVload. The transmission line
and the load are in series, so the current drawn is Pload

Vload
. The power dissi-

pated through transmission is then
P 2
loadR

V 2
load

. The voltage across the transmis-

sion line, is proportional to the voltage across the entire circuit. ( Potential
divider ). Similarly the voltage across the load is proportional to the total
voltage. So the voltage across the transmission line is proportional to Vload.
This means we need to maximise Vtrans to minimise the power loss.
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More sketching

Sketch the following graphs:

1) ex

x

2) sinx
x

3) The curve defined by the parametric equations: z = t, y = cos t x = sin t

Solution

1) we can start by sketching ex and 1
x separately. It’s clear then that for

x < 0, the graph is similar to the 1
x case. For x close to 0, 1

x dominates.
for x much larger than 1, ex dominates since ex grows faster than 1

x falls.
Since the graph is continuous we must have a minimum in between. This
minimum can be found by differentiating. We obtain x = 1

2) By sketching sinx and 1
x we can see that we retain the periodic behaviour

of sinx. The amplitude of oscillation however decreases as 1
x falls off as x

increases. For small x, sinx ≈ x, so at 0 we have sinx
x = 1.The graph of

5 sinx
x is shown below
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3) If we project to the x, y plane we have a circle as x2 + y2 = 1. Projecting
to the x, z plane we see the curve sin z. So the curve is a Helix.
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Rotating ring

a) Consider a ring rotating on a frictionless table. Every point on the ring
is undergoing circular motion, however there is no external force acting on
the ring. How is the ring rotating then ?
b)Calculate the magnitude of that force in terms of the angular velocity of
the ring, the radius it has while rotating and the mass of the ring.
c) I now paint the bottom point of the ring green and I allow the ring to
roll on the table, sketch the path of the green point. Find the equation
corresponding to the path you drew.

Solution

a) What matters is that each point/segment on the ring has an external
force acting on it. There is an attractive force between adjacent points on
the ring that holds those points together. There are two equal forces act-
ing in a clockwise and anticlockwise direction respectively. These forces are
tangential(T) to an infinitesimal segment as shown in the diagram. The
resultant of the two forces acts radially and provides the centripetal force.
This force corresponds a tension in the ring.

b) Consider a small section of the ring as shown. The component of each ten-

sion in the ring that acts radially is given by Tr = T cos
(
pi−δθ

2

)
= T sin δθ

2 .

There are two of those and their total provide the centripetal force. If the
mass of the of the ring is m and its radius is R, the mass of the segment is
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δm = mRδθ
2πR

mδθ
2π . We now have

2T sin
δθ

2
=
mδθ

2π
w2R

Since δθ is small sin δθ
2 = δθ

2 . So we obtain

T =
m

2π
w2

c) The green dot traces a shape that looks like a semicircle. It is in fact
a cycloid. To find an equation that describes the path, suppose the ring has
rotated through an angle of θ. Then the coordinates of its center of mass are
(Rθ,R). Then the coordinates of the green dot are (Rθ−R sin θ,R−R cos θ).
So we have found parametric equations for the path of the green dot.

y = R−R cos θ

x = Rθ −R sin θ

. To solve for x in terms of y ( as the converse is not possible ), we can use
the equation for y to find cos θ = 1− y

R . Which allows us to find θ and sin θ.
Substituting we obtain

x = r arccos
(

1 − y

R

)
−
√
y(2R− y)
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Estimation: Mass of atmosphere

Estimate the mass of the atmosphere. Justify any physical approximation
you make

Solution

The atmospheric pressure at the earth surface is 105Pa. This comes from
the weight of the atmosphere acting on 1m2. The weight of air on 1m2 is
equal to the mass of air above that 1m2 multiplied by the gravitational field
strength g. This assumes that g is constant, but we know that g varies with
height, so we have to decide whether the variation of g over the height of the
atmosphere is significant or not. The change in gravitational field strength
g as we go from r to r + h is given by ( for small h compared to r ) :

δg =
GM

r2
− GM

(r + h)2
=
GM

r2
(1 − 1

(1 + h
r )2

)

= −2GMh

r3
+O(

h2

r2
)

δg

g
≈ −2h

r

So a change of g of 20% occurs when h
r = 0.1. The radius of the earth is

around 6400km and the international space station is at around 400km. (
any reasonable estimate of those numbers would lead to the same conclusion
). We can thus conclude that g doesn’t change significantly.

This gives the mass of 1m2 of air as 104kg. As before, since the height
of the atmosphere is small when compared to the radius of the earth, we
can think of the atmosphere as a thin spherical shell around the earth. So
the total mass is given by the surface area of the earth multiplied by the mass
of 1m2 of air. The surface area of the earth is 4∗π∗(6∗106)2 ≈ 36×1013m2.
The total mass is then 36 × 1017
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Toppling a polygon

a)Suppose an n sided regular polygon is lying on one edge on a table. How
much horizontal force must be applied through the center of mass to make
the polygon topple ?

b)If F (n) is that horizontal force, sketch a graph of F (n) against n for n ≥ 3.

c) If the coefficient of friction is µ = 0.5, what limit is placed on the number
of sides of the polygon for it not to slip?

Solution

a) The angle between the lines that join two adjacent vertices to the center
of mass is 2π

n . By taking moments about one of the vertices of the polygon
that’s in contact with the table we have the condition for toppling as :

Fr cos
(π
n

)
≥ mg sin

(π
n

)
F ≥ mg tan

π

n

b) Since we are considering a polygon it only makes sense to consider n ≥ 3.

In this range π
n ≤ π

3 . So tan π
n ≤ tan π

3 , as tan is increasing in this range.
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As n gets larger we approach tan(0) = 0. The graph is shown below:

c) If we want it to topple, then we have to apply a force F ≥ Fmin,

where Fmin is the force we calculated in a). For it not to slip we need the
maximal frictional force to be greater than Fmin. So the condition is

0.5mg ≥ mg tan
π

n

n ≥ π

tan−1(0.5)
= 6.78
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Space propulsion: Solar Sails

a) What do you know about a spaceship’s propulsion system ? How does it
work ? What physical principles allow the rocket to accelerate upwards ?

b) The current propulsion system requires a lot of fuel to work. Suggest an
alternative propulsion system that would significantly reduce the amount
of fuel that needs to be carried. (Ask about momentum of a photon and
energy of a photon )

c) Suppose we have a rocket in space of mass M . On its back a mirror
is attached to it facing the sun. The sun has power P and the mirror has
area S. What is the acceleration of the rocket if the rocket is at a distance r
from the sun ? If the rocket tries to turn by rotating its mirror by an angle
θ, by what proportion does the magnitude of the acceleration change ?

d) Find an expression for how the velocity of the rocket changes with dis-
tance travelled assuming it starts from rest.

Solution

a) Fuel is burnt and pushed outside of the rocket at high speed relative
to the rocket. By conservation of momentum, the rocket gains momentum
in the direction opposite to the direction in which the fuel is sent out. The
rocket accelerates faster and faster, as it’s mass gets lower until all the fuel
has been expelled.

b) In space the sun is the most prevalent source of energy in our solar
system. Photons carry momentum h

λ , so they could impart momentum to a
surface by colliding with it. If the surface is black the photon gets completely
absorbed and the surface would gain momentum equal to the momentum of
the photon. If the surface is instead a highly reflective one, like a mirror,
then photons reflect of the surface and impart more momentum to the sur-
face. We thus attach a mirror ( highly reflective surface like aluminium) to
a rocket, and this will propel the rocket without the need for fuel.

c) If the intensity of the sun is I, then the power of the sunlight reach-
ing our mirror is IS. This power is the energy of photons hitting the mirror.
The energy of a photon is hc

λ , so the number of photons hitting the mirror
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in 1s is IS
hc
λ

. If the mirror is facing the sun, then the photons bounce off and

their change in momentum is 2h
λ . So the total change in momentum in 1s,

ie the force is :
2IS

c

The intensity is related to the power by I = I
4πr2

( think of the photons
distributed over the surface of a sphere ), so putting everything together we
have

a =
2S

4mcπr2

If we rotate the mirror by an angle θ, two things happen: Less photons his
the mirror in the same amount of time as the effective area of the mirror
has decreased. The area of the mirror perpendicular to the velocity is now
S cos θ. Secondly the change in momentum of the photons also decreases as
only the component of the velocity perpendicular to the mirror changes. If
p, is the momentum of the photon, the change in momentum is now 2p cos θ.
So the acceleration changes by a factor of cos2 θ.

d) We have dv
dt = 2S

4mcπr2
. Note that dv

dt = dv
dr
dr
dt = v dvdr , So we have

v
dv

dr
=

2S

4mcπr2∫ v

0
vdv =

∫ rf

r

2S

4mcπr2
dr

v2

2
= [− S

2mcπr
]
rf
r

2



v =

√
S

mcπr
− S

mcπrf
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Metal plate

If I heated a up a square metal plate with a circular hole in it, what would
happen to the size of the hole? If the side length of the plate changes by 1
percent, what is the fractional change in area of the hole?

Solution

As the plate heats up, the hole plate expands. All linear dimensions of
the plate increase, so size of the hole increases. This is because at higher
temperatures, the atoms vibrate more and those occupy more space.

The coefficient of thermal expansions is defined as α = 1
L
dL
dT , where L is the

length scale and T is the temperature. So the change in length due to a tem-
perature change δT is δL = αLδT = 0.01L. The area of the hole scales with
L2, ie Ahole = BL2. The change in area is thus B((L+ δL)2 − L2) ≈ 2LδL
as δL is small. The fractional change in area is then 2LδL

L2 = 2δL
L = 0.02
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Sphere Packing

Suppose we have a lattice made out of spheres. Ie the centres of the spheres
form the lattice points, and at each point is a sphere. What fraction of a
lattice cube is occupied in the case:

1) Face centred cubic
2) Body centred Cubic

Which one is more efficient ?

Solution

1) In this case looking at a top view and letting the length of 1 edge of

the cube be a we have that 4r = a
√

2 → r = a
√
2

4 . A cube contains 4 such
spheres, so the fraction is

4

4π(a
√
2

4
)3

3

a3
=

√
2

6
π

2) Similarly this time we look at the diagonal plane of the cube. Now we

have 4r = a
√

3 → r = a
√
3

4 . In this case, the cube contains only 2 spheres.
So now the fraction is

2
4π
3 (a

√
3

4 )3

a3
=

√
3

8
π

To compare the efficiency we compute

√
2

6
−
√

3

8
=

4
√

2− 3
√

3

24
=

√
32−

√
27

24
> 0

So the face centred cubic is more efficient.
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Artificial Gravity

a) At the international space station, the actual value of the gravitational
acceleration is 0.9g. Why do astronauts feel weightless in the space station ?

b) How might could we produce an artificial sense of gravity in space? (
Suggest two ways, followed by a discussion on the relevant parameters and
which one might be preferred over the other )

c) Suppose you are on a rotating space station. What would it feel like
to walk in the same direction of rotation of the space station ?

Solution

a) The international space station is in orbit around the earth. By be-
ing in the space station, the astronauts are also in orbit around the earth.
They have the required velocity to move in the same circle as the space
station and the centripetal force is provided by gravity. So the space station
doesn’t exert any force on the astronauts and they have no sense of weight.

b) We could either place people in a rocket that is accelerating forwards
with acceleration g. Then the normal reaction force N between the rocket
an the person, is what is allowing the person to accelerate and its magnitude
is precisely mg, where m is the mass of the person. Alternatively, we could
think of having a ring shaped space station that rotates about its center.
Then the normal reaction has value N = mw2R, where w is the angular
velocity and R is the radius of the space station. To feel the same gravi-
tational force of the earth, we need w2R = g. So if we choose appropriate
values of w and R we can simulate gravity. For a spaceship of 1000m in
radius, we would need the period of oscillation to be arounf 1 minute.

The rotating spaceship has the advantage that it requires not additional
energy to keep rotating as there is no friction in space and the centripetal
force does no work as it is always perpendicular to the direction of travel.
However for the accelerating spaceship, we would need to have a large sup-
ply of fueld for this to work in the long run.

c) Suppose currently that the station has velocity v of rotation. Then if
you start running in the same direction of rotation, you will be travelling
as some speef v′ > v, but you would still be moving in a circle. So you
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would need a larger centripetal force. Since the normal reaction is what
provides the centripetal force, the normal reaction force increases and you
feel heavier.

2



Flour falling on scales

Suppose you are pouring flour from a height h above a scale. What is
the reading on the scales when you should stop pouring flour if you want to
have measured exactly 1Kg of flour?

Solution

By the principle of conservation of mass, if the mass flow rate of the flour is
ρ = ∆m

∆t at the top of the stream of flour, it is ρ throughout. As the flour
falls onto the scales, the scales experience the force of the current amount of
flour on it (m(t)g) as well as the force exerted by the flour as it decelerates
(Fd). As the flour hits the scales, the change in momentum is ∆p = v∆m,
where v is the speed of flour as it hits the scales. But by conservation of
energy ( or using acceleration etc ): v =

√
2gh.

Fd =
∆p

∆t
=

√
2gh

∆m

∆t
= ρ

√
2gh

So the total force on the scales is

F = m(t)g + ρ
√

2gh

When we stop pouring the flour, the final amount of mass on the scales will
be the current mass m(t) plus the amount of flour still in the air m′(t) =
ρ∆t′, where ∆t′ is the time taken for all the flour to reach the scales. So
∆t′ = v

g . So m′g = ρ
√

2gh which means that

Fd = (m(t) +m′)g

, ie, the reading accounts for the amount of flour in the air. So you should
stop when the reading is exactly 1Kg.

Note: We can reach the same conclusion without actually explicitly cal-
culating v. All that matters is that the flow rate is constant.
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Ants on a square

1) Consider a square ABCD, with vertices labelled clockwise. An ant is
on vertex A initially and each minute it will move randomly on an edge of
the square to one of the vertices that is adjacent to the vertex it’s currently
on. For example if the ant is at A it will move to B or D in the next minute.
Let Pn(V ) be the probability that the ant is on vertex V after n minutes.
What is Pn(A), Pn(B), Pn(C) and Pn(D)?

2) Consider now two ants that move as described above. What is the ex-
pected number of minutes k until the ants meet on a vertex if:
i) they start on adjacent vertices?
ii) they start on opposite vertices? ( Hard )

Solution

1) Let’s think about Pn(A) first. What does getting back to A mean math-
ematically ? It means that the displacement of the ant from A is ~0. This
means the ant must have a total displacement of 0 vertically and horizon-
tally. This only happens if the ant has taken the same number of steps to
the right as it has to the left and so its total number of steps horizontally
is even. Similarly, the total number of vertical steps is also even. So it’s
total number of steps n must be even and if n is odd Pn(A) = 0. How
about C? To reach C from A, the ant must have taken an odd number of
vertical steps, an odd number of horizontal steps and so an even number of
total steps n. So, if n is odd Pn(C) = 0. By symmetry, Pn(B) = Pn(D),
so if n is odd Pn(B) + Pn(D) = 1 and Pn(B) = Pn(D) = 1

2 . If n is even,
Pn(B) = Pn(D) = 0. If the ant is on A after n steps, it must be on B or D
at n − 1 steps and each one has a probability of 1

2 of leading to A or C in
the next step, so Pn(A) = Pn(C) = 1

2 . To summarise we have:
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n odd:

Pn(A) = Pn(C) = 0, Pn(B) = Pn(D) =
1

2
n even:

Pn(A) = Pn(C) =
1

2
, Pn(B) = Pn(D) = 0

2) Notice that in order of the two ants to meet ( for the first time) after
k steps, they must be on opposite vertices at any step before k. To see
this suppose they meet on the k th step at A, then on the previous step
one of them needs to have been on B and the other on D, or they were
both on D or B. Both being on B or D contradicts the fact that they first
meet on the k th step at A. So on the k − 1 th step they are on opposite
vertices (Say B and D ). Now on the k − 2 th step, they are either both
on A, both on C or one of them on C and the other on A. The first two
instances again contradict that they first meet after k steps. This argu-
ment can be applied again to conclude that if they meet, they must have
started on opposite vertices! ( this argument can be formalised inductively ).

Hence for i) the expected number of turns is not defined as they do not
start on opposite vertices! Another way to see this is to notice that if ants
start on adjacent vertices, then next step they will also be on adjacent ver-
tices.

For ii) it is thus clear that at each step they meet with probability 1
2 and do

not meet with probability 1
2 .

Method 1

If P (n) is the probability of first meeting after n steps and E(n) is the
expected value of n:

P (n) = (
1

2
)n−1

1

2
=

1

2n

E(n) =
∞∑
k=1

kP (k) =
∞∑
k=1

k

2k

There are many ways to try and work out the sum. One is to note that if
we differentiate the geometric series we have d

dx
1
xk = − k

xk−1 = −xk
xk . Thus

2



we have, with x = 2,

E(n) = −1

2

∞∑
k=1

d

dx

1

xk
= −1

2

d

dx

∞∑
k=1

1

xk

= −1

2

d

dx
(

1

1 − x
) =

1

2

1

(1 − x)2

With x = 2, E(n) = 2. Another way would be to note that integrating E(n)
2

gives the geometric series. A different approach is to write E(n) as :

E(n) =
1

2
+

1 + 1

22
+

1 + 2

23
+

1 + 3

24
+ ...

=
1

2
+

1

22
+

1

23
+ ... +

1

22
+

2

23
+

3

24
+ ..

E(n) =
1

1 − 1
2

+
E(n)

2

E(n) = 2

. Method 2:

Consider what happens on the first turn: the ants meet or the ants end
up on opposite vertices which is the same as the ants doing nothing. The
probability of meeting is 1

2 and the probability of doing nothing is also 1
2 .

So we have

E(n) =
1

2
(1) +

1

2
(1 + E(n))

E(n) = 2

. The above simply expresses the fact that we can either win on the first
turn or do nothing which means waiting for E(n) steps again.
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Variation of density of air with height

Assume that temperature does not change with height. Find an expres-
sion for how the density of air changes with height.

Solution

Consider a thin slab of air as shown below. Let the lower surface of the air

is at a height h and the pressure there is P (h). Similarly the upper surface
of the slab is at a height h + δh and the pressure there is P (h + δh). The
change in pressure across the slab is due to the extra weight of air in the
slab. That weight is given by Aρ(h)δhg, where A is the area of the slab.

P (h+ δh)− P (h) = δp = −ρ(h)gδh

dP

dh
= −gρ(h)

Now we have to relate P to rho. We can do this using the ideal gas law:
P = nRT

V = ρRT
m , where m is the mass of 1 mole of air. So, since T is

constant, dPdh = RT
m

dρ
dh . Combining this with the previous equation we obtain:

dρ

dh
= −mgρ

RT∫ ρ

ρ0

1

ρ
dρ =

∫ h

0
−mg
RT

dh

ρ(h) = ρ0e
−mgh

RT

1



Pushing a sphere up stairs

Suppose you have a sphere of radius R and mass M at rest on a stair
case. The height of each step is h < R. What is the minimum horizontal
force that I should apply through the center of mass of the sphere to make
it go up the stairs? Sketch a graph of the minimum force against h

Solution

At the point when the sphere starts rotating up the stairs, the normal reac-
tion with the ground is 0 as it loses contact. In order to rotate there must be
a net moment about the point of contact with step. The clockwise moment
is F (R − h). The anticlockwise moment due to the weight of the sphere is
Mg

√
R2 − (R− h)2 = Mg

√
h(2R− h). So we need

F (R− h) > Mg
√

h(2R− h)

F > Mg

√
h(2R− h)

R− h

The graph only makes sense for h < R as otherwise applying F through the
center of mass would never make the sphere go up the stairs. We have an
asymptote at h = R which physically makes sense. As we increase h, the
minimal force should increase as the moment of the weight increases and
the perpendicular distance from F to the point of the contact decreases.
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Empty and filled sphere

a)Suppose you have two spheres that look identical from the outside and
have the same mass. One of them is hollow and the other is filled. How
could you differentiate between them, without breaking them?

b)Suppose You roll both spheres down an inclined plane, which one would
reach the bottom first ? ( if not mentioned as an answer to a) )

c)Suppose you had long horizontal platform, pivoted at its center. The
hollow sphere is replaced with one that is lighter than the filled one. It is
filled with water halfway through so that now it weighs exactly the same as
the other sphere. The spheres are placed at opposite ends of the platform (
equal distances from the pivot ). Does the platform topple ? If so, why and
on which side? How could you test your hypothesis ?

Solution

a) We could send an ultrasound wave through the spheres and record the
intervals between the echoes. The hollow one should have more spikes as
there are more surfaces off which the wave can reflect off.

b) Alternatively if you rolled the spheres down and incline plane ( with-
out slipping ). You would find that the filled sphere reaches the bottom
first. To see this consider any moment where a ball has rolled down a height
h, then by conservation of energy mgh = Ek + Er. Where Er is the ro-
tational kinetic energy and Ek is the translational kinetic energy given for
both spheres by Ek = mv2

2 . For the hollow sphere, all points on the sphere
have the same velocity v. For the filled sphere, only points on the surface of
the sphere are travelling with this velocity v, so the rotational kinetic energy
of the filled sphere is less than that of the hollow sphere. Say Er = k

2mv2,
k < 1. It follows that the velocity of the filled sphere is higher throughout
the motion and so it reaches the bottom first.

c) The platform tips on the side of the half filled hollow sphere. The water
inside the sphere, exerts pressure on the walls of the sphere. These are radial
and have a vertical component, which increases the downward force exerted
by it on the platform. You could check your idea by filling up the sphere
and drilling a whole on the side. Water flowing normal to the surface would
confirm the hypothesis.
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Double slit experiment

a)Explain the observations and setup of the double slit experiment. How
does the diffraction pattern arise? Why do we see light and dark fringes?

b) Suppose, that instead of having the incident rays hitting the two slits
at right angles to the slits, they were sent at an angle θ0 to the slits. What
would happen to the diffraction pattern?

c) Suppose that in a normal double slit experiment, I place a thin glass
block ( thickness t) in front of one of the slits, what happens to the diffrac-
tion pattern? What is the position of the central maxima now?

Solution

a) The double slit experiment consists of shining a monochromatic laser
perpendicular to two thin slits separated by a small distance d. The light
diffracts at the slits. The slits act as two independent coherent point sources
and interfere. On the screen we see a sequence of maxima and minima of
light. This is because the light can intersect destructively or constructively
or anything in between but those aren’t really distinct features ). Construc-
tive interference happens when the path difference at the screen between
the two slits is an integer multiple of ,λ, the wavelength. Destructive inter-
ference occurs when the path difference is a half integer multiple of λ. The
path difference between light coming from the two slits and meeting at the
screen is d sin θ.

b) If the rays are not perpendicular to the plane containing the slits, the
rays are no longer in phase at the slits. There is a phase/path difference at
the slits. This results in the diffraction pattern being shifted up or down de-
pending on whether θ0 is positive or negative. The path difference is d sin θ0.
The condition for constructive interference is now d(sin θ0 + sin θ) = mλ.

c) The wavelength of the light inside the glass is different from that of air
since these have different refractive indices. Consider two rays from the two
slits meeting at a point on the screen. There is an optical path difference
due to moving through glass instead of through air. The speed of light in
the glass block is c

n , so it takes a time tn
c to traverse it, giving rise to a phase

of tnw
c , where w is the angular frequency of the light. Similarly, the one

travelling through air has a phase of tw
c while travelling this distance ( ap-

1



proximation holds since t is small). So the phase difference is tw(n−1)
c which

corresponds to a path difference of twλ(n−1)
2πc = t(n − 1) using c = fλ. This

path difference is the same regardless of the path of light taken to the screen,
so there is again a shift in the diffraction pattern. The usual path difference
( without block ) for the central maxima is 0, but now at that point, the
path difference is t(n− 1), so the angle shift is given by 2d sin θ = t(n− 1).
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Horse scaled to a rat

A horse weighs 800kg and eats its own weight in food in 80 days. If an
8g mouse were a scaled down horse, how often would it have to eat its own
body weight ?

Solution

Animals eat to stay warm. So the heat loss is proportional to the sur-
face area of the animal. The food intake is proportional to the heat loss
and hence to the surface area. The mass of the animal is proportional to L3

where as the area is proportional to L2 where L is the linear dimension of
the animal. So if the amount of food eaten by an animal A of mass MA is
FA we have:

Fmouse

Fhorse
= (

Mmouse

Mhorse
)
2
3

So the mass of food the mouse eats in a day is :

Fmouse = (
8

800× 103
)
2
3 × 104 = 4.64g

since he horse eats 800
80 = 10kg in a day. So the mouse eats in own weight in

food in 8
4.64 = 1.7 days.
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Swerve or Brake?

1) Suppose you are driving a car and at some distance in front of you,
which you do not know, there is a wall. Your car cannot break and swerve
at the same time, it can only do one or the other. To maximise your chances
of avoiding collision, should you swerve or break ?

2)Suppose now,instead that you knew the distance of your car to the wall.
For what widths of the wall would it be okay to swerve ? What happens to
your expression as the initial distance to the wall gets large?

3)Suppose that there was a helium balloon in the back-seat of the car. De-
scribe its motion while the car is breaking.
Solution

1) Applying the breaks ( maximum breaking ) to a car is simply stopping
the car’s wheels from rotating. So once the breaks are applied the car is
only decelerated by the frictional force between its tires and the ground.
Thus, the car would stop before the wall, if the frictional force makes it
come to rest before the wall ( let this stopping distance be d). If the car
was to swerve, it would move in a circle and the centripetal force would be
provided by the frictional force. It would not hit the wall provided its radius
R of motion is less than the distance of the car to the wall. So we need to
compare the values of R and d.

If the coefficient of friction is µ and the speed of the car is v, we have:

Braking:
Conservation of energy gives µmgd = 1

2mv
2

d =
v2

2µg

Swerving:
Equating centripetal force to frictional force gives mv2

R = µmg

R =
v2

µg

Since R > d, it’s always better to brake.

2) If the car doesn’t hit the wall, then it’s path should look as shown below.(

1



We have added useful constructions and l is the known distance to the wall)
Since we can either go into a clockwise or anticlockwise circle, the maximal
width of the wall is 2w.

Using Pythagoras in OAB we obtain OB =
√
R2 − l2. We then get,

w = R − OB = R −
√
R2 − l2. So the maximal width of the wall is

2(R−
√
R2 − l2) = 2( v

2

µg −
√

( v
2

µg )2 − l2)

As l goes large our analysis is not valid since if l > R then the car will
never hit the wall. So the wall can be infinitely long.

3) If a helium balloon was in the car as described, it would move back-
wards relative to the car. To see this consider what happens to the pressure
inside the car as it decelerates. When the brakes are applied the car is mov-
ing slower than the air inside it instantaneously. So there is a build up of air
at the front of the car and the pressure is higher at the front relative to the
back of the car. This pressure difference pushes the air balloon backwards.

2



Billiard Balls

Suppose there is a Billiard table with length 2L and width L. At the mid-
point of one of the edges of the table, is a billiard ball. You strike the ball
and give it a velocity v at an angle θ to the horizontal. At what angle(s)
should you push it so that the ball eventually passes through its original
position? ( Assume that the collisions are elastic )

Solution

Note that when the ball collides with any wall/edge of the table its speed
doesn’t change. In particular the magnitude of the horizontal and vertical
component of velocity are unchanged throughout the motion. The object
reaches the y coordinate of the initial position when it has travelled a dis-
tance 2mL, where m is an integer, if this happens in a time t we have:
vt sin θ = 2mL. Similarly if it reaches the same x coordinate then it must
have travelled a distance 2nL, where n is an integer. To reach the initial po-
sition this must have happened in the same time t: vt cos θ = 2mL. Dividing
both equations we obtain:

tan θ =
m

n

In other words tan θ must be rational.

1



Rolling down a hemisphere

a)Suppose a small bead is at rest on top of a hemisphere. It is given a
slight nudge so that is starts sliding down the surface of the hemisphere. At
what angle ( wrt the vertical ) does the bead lose contact with the surface
of the hemisphere ?

b) Suppose the above scenario was repeated, but this time the hemisphere
was placed on a pair of electronic scales. Sketch a graph of the variation
of the reading on the scales against the angle that the bead - center of the
hemisphere makes with the vertical.

Solution

a)Let the bead have mass m and the hemisphere have radius R. From
the diagram, when the bead makes an angle θ with the vertical, it has fallen
by a height R(1− cos θ). By conservation of energy, we have

mv2

2
= mgR(1− cos θ)

.

Considering the forces on the bead and equating the radial component to
the centripetal force, we get:

mg cos θ −N =
mv2

R

N = −mg(2− 3 cos θ)

1



Where the last line was obtained by substituting in the energy equation.
When the ball loses contact with the hemisphere, the normal reaction force
is 0. So cos θ = 2

3 , is when the bead loses contact with the hemisphere.

b) Let N1 be the normal reaction force of the hemisphere on the scales.
Then by requiring that the net vertical force on the hemisphere is 0, we
have N1 = N cos θ +Mg, where M is the mass of the hemisphere.

N1 = g(−2m cos θ + 3m cos2 θ +M)

. This is only valid as long as cos θ < 2
3 as afterwards N = 0. Qualitatively,

N decreases as the bead slides down, and cos θ decreases. We thus obtain
the following graph:
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Ice ball problem

A market is located between city A and city B. A merchant from city
A has a sphere of ice of mass 800kg initially. He walks to the market and
he reaches there with only a 100kg sphere of ice. If it takes twice as long to
reach the market from city B, how much ice should a merchant from city B
leave with initially to also have 100kg when he reaches the market ?

Solution

The sphere of ice melts during the journey, so the radius of the sphere
is changing. The rate of heat loss is proportional to the surface area of the
sphere : dE

dt = kr2, since the surface area of a sphere is 4πr2. Mass loss is
proportional to heat loss ( recall ∆mlf = E). So the rate of change of mass
loss is proportional to the rate of heat loss: dm

dt = k′ dEdt = k′′r2. The mass

of the sphere is proportional to r3, so dm
dt = 3r2 drdt . Combining everything

we obtain dr
dt = constant. During the trip from city A to the market, the

radius decreased from 2rm to rm ( as the mass decreases by a factor of 8).
Since, the trip from city B takes twice as long, to end up with the same size
sphere, the merchant should start with a sphere of radius 3rm. So the mass
of the sphere at city B should be 33 ∗ 100 = 2700kg

1



Falling ladder

1) Why is is that its possible to lean a ladder against a smooth wall with its
foot on a rough ground but not against a rough wall and smooth ground?

2) I paint the center rung of the ladder blue. I then arrange the ladder
so that it is completely vertical against the wall and nudge its foot slightly
so that now the ladder slides down the wall and ground. What shape does
the center rung trace out ?

Solution

1) Below we have two diagrams indicating the forces on the ladder. The
left picture corresponds to the smooth ground where as the right one cor-
responds to the rough ground. For ladder to be in equilibrium, we need i)
no net force on the ladder in all directions ( ie in the vertical and horizontal
directions) and ii) no net torque/moment on the ladder about any point.
For the case of the smooth ground, the horizontal forces are clearly not bal-
anced unless there is no reaction force between the wall and the ladder ( ie
unless R1 = 0). However if R1 = 0, then taking moments about the foot of
the ladder we see that the net clockwise moment is none-zero, so the ladder
falls.

1



2) The idea is to take the ground and wall as axes and to give the center
rung a coordinate (x, y) relative to them. Then, x = l

2 cos θ and y = l
2 sin θ.

Since sin2 θ + cos2 θ = 1, x2 + y2 = l2

4 . So the center rung traces a circle

with radius l
2 and center O.

2



Full stop

Estimate the number of carbon atoms in a pencil’s full stop.

Solution

The area of a full stop can be estimated to be around 0.5mm2. Since the full
stop is opaque, it’s thickness has to be significantly larger than he wavelength
of light hitting it. So the thickness is at least 10λ where λ is the wavelength
of light ≈ 500nm. The density of carbon is around 1gcm−3. It can’t be
an order of magnitude away from this, as otherwise a pencil should sink. (
Carbon fibre is light also etc ). The molar mass of carbon is 12gmol−1. The
number of moles of carbon is 5000nm× 0.5mm2 × 1gcm−3 × 1

12 = 3× 10−7.
1 mole contains 6 × 1023 atoms ( avogadro’s number ), so the total number
of atoms is 6 × 1023.

1



Tricking a scale with light

Consider a prism in the shape of an equilateral triangle with refractive index
µ =
√

3. A laser beam, with wavelength λ,with power P is incident on the
side of the prism as shown, such that while inside the prism the beam is
parallel to the base of the prism. If the prism is initially at rest on a scale
when the laser is off, by how much does the reading on the scales change
when the laser is turned on ? ( The momentum of a photon is h

λ )

Solution

Before a photon hits the prism it has momentum ~pi and when it leaves
the prism it has momentum ~pf . So there is a change in the momentum of
each photon as it interacts with the prism. By conservation of momentum,
the momentum imparted to the prism must be equal to the change in mo-
mentum of the photon. The magnitude of the momentum of each photon

1



doesn’t change, since they have the same wavelength before and after in-
teracting with the prism. ( p = h

λ). Let the angle of incidence be θi, then
sin(θi) = µ sin

(
π
6

)
. The angle α that the incident ray makes with the hori-

zontal is thus α = arcsin
(
µ sin

(
π
6

))
− π

6 = π
6 . The outgoing ray makes the

same angle with the horizontal but in the opposite direction. The change in
momentum is given by

∆~p =
2h

λ
sin

(π
6

)
=
h

λ

Since the power is given by P = dn
dt
hc
λ , ( n being the number of photons )

the rate of change of momentum, ie the force and thus the change in scale
reading is given by dn

dt ∆~p.

F =
P

c

2



Estimation: Planes

Estimate the number of planes in the sky.

Solution

There are multiple ways to go about this. The goal is to obtain an esti-
mate that is of the right order of magnitude. A good answer will have a
clear plan and will use sensible values for quantities that are required. An
example solution could go as follows:

There are about 200 countries in the world. Each country has on aver-
age say, 4 major airports. The average flight lasts around 3 hours and the
major airports have flights taking off every 10 minutes. So on average, each
airport has associated to it 3∗60/10 = 18 flights at any point in time. So the
total number of planes is 200∗4∗18 ≈ 1000∗20 = 20000. The correct value
is between 10000 − 200000. So we do have the right order of magnitude.

1
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A tunnel through the earth

1) Suppose you drill a hole, from anywhere on earth, through the center
of the earth. You drop a stone through it. Describe the motion of the stone.
How long does it take for the rock to reach the other side of the earth?

2) Does anything change if, instead the hole wasn’t drilled through the
center of the earth ? ( ie if it was drilled along a ’chord’?

3) Throughout the calculations, we have ignored the gravitational field of
the ’shell’ of the earth that was behind the stone throughout its motion. It
turns out that the gravitational field strength of the ’shell’ is indeed zero
inside the shell. Why is this true ?

Solution

1) Suppose that the stone is at a radial distance r from the center of the

earth. The stone experience the gravitational force from only the mass of
the the earth at a radial distance less than or equal to r from the center
of the earth. So the stone experiences the gravitational field of a uniform
sphere of mass M(r) and of radius r. This force is given by

Fg = −−GM(r)ms

r2

Since M(r) = MEr
3

R3
E

, where RE is the radius of the earth and ME is its mass,

we have:

Fg = −MEmr

R3
E

1
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Using newtons law, F = ma, we obtain

ar =
d2r

dt2
= −GMEr

R3
E

We can recognise this as the defining equation for simple harmonic motion.
So the stone will oscillate back and forth between where is was released and
the point where the hole ends. Alternatively, to solve this equation, we are
looking for a function that when we differentiate twice we acquire a minus
sign and a multiplicative constant. So we guess r(t) = RE sin(wt) for some

w. Substituting in we obtain w =
√

GMEr
R3

E
. It takes half the period of

oscillation to reach the other side, so the time taken is

T = π

√
R3
E

GME

2) If we drilled the hole as a chord, the time taken to reach the other side

remains unchanged! To see this, notice that now the mass of the earth that
is contributing to the force that pushes it down the hole is now a sphere with
radius r′

sin θ , where r′ is the distance from the midpoint of the chord. The

distance to the center of that sphere is also r′

sin θ . However the component of
that force that acts in the direction of the hole is only Fr sin θ, where Fr is
the gravitational force radially inwards. So we have

ar′ = ar sin θ −
GME( r′

sin θ )3

R3
E( r′

sin θ )2
sin θ = −GMEr

′

R3
E

The form of the equation of motion has not changed. So the period of os-
cillation remains unchanged.
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3) The idea is to consider a point inside a thin spherical shell and show
that its gravitational field strength anywhere inside is zero. Since a thick
shell is just a bunch a thin shells stacked on top of each other, then the field
strength inside it is also 0.

From a point X inside the shell draw any chord. The chord intersects

the sphere at points A and B. We think about the gravitational force with
which small mass elements on the shell at A and B pull X. To make an
area element on the sphere, rotate chord AB in a small cone about X. This
traces a small circle on the sphere at A, with radius rAX sin δθ

2 . So the mass

element at A has mass dMA = ρπ(rAX sin δθ
2 )2, where ρ is the mass density

of the shell. So the gravitational field of A is

FAX = −GdMA

r2AX
= −πρ(sin

δθ

2
)2

Similarly at B we obtain the same expression, but in opposite direction and
thus they cancel out. We can pair all points on the sphere like that and we
conclude that inside the shell, the gravitational field is 0.
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Trailing zeroes

How many trailing zeros does 125! have?

Solution

We need to count the number of times 10 occurs in 125!. A 10 can be
made by multiplying a 2 and a 5. Since powers of 5 are less common than
powers of 2, these will be the limiting factor. There are 125/5 = 25 num-
bers divisible by 5, providing at least 1 five. There are 125/25 = 5 numbers
divisible by 5 providing at least 2 fives. And there is 1 number provid-
ing 3 fives, 125. So there are 4 numbers providing 2 fives, 1 providing 3
fives and 25 − 4 − 1 = 20 providing 1 five. The total number of fives is
20 + 4 ∗ 2 + 3 ∗ 1 = 31. Hence 125! ends with 31 zeroes.

1
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Does it converge?

Consider the two following functions:

a) f+(x) = 1
x+ln(x)

b) f−(x) = 1
x−ln(x)

Sketch f+(x) and f−(x). Determine whether
∫∞
1 fi(x)dx, for i = +,−,

converges.

Solution

Differentiating both functions and setting the derivative to zero leads for
f±: 1 ± 1

x = 0, −x = ±1. Since ln is undefined for x < 0, only f− has a
turning point. For f+, the denominator is 0 when x = −ln(x), which clearly
has 1 solution in the range (0, 1) ( Try sketching y = x, andy = −lnx on the
same pair of axes to convince yourself ). So we have an asymptote. For f−,
we have a turning point at (1, 1). As x tends to infinity, in both cases f±
tends to 0. ( sketch y = x and y = lnx on the same pair of axes to see that
x > lnx ).As x goes to 0 we also see that f± tends to 0. So we have the
following graphs:

To find out whether they converge, we are going to try and find functions
that are always less than f in the range of integration. If we can find one

1
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such function for which the integral is infinite, ie doesn’t converge, then f
cannot converge either.
Note that since x > lnx, then f+ ≥ 1

2x for x ≥ 1. So,∫ ∞
1

f+dx ≥
∫ ∞
0

1

2x
dx = [

1

2
ln(x)]∞1 =∞

. So f+ does not converge. Further note that f+ < f−, so f− does not
converge either.
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