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Theme: Integer Problems 

 
1: STEP 1 2004, question 5  
 

 Without using a calculator, what is the last digit of 123456789 squared? How 
did you know? 

 No square number ends in a seven. How could we quickly prove that? 
  

 
 



 

 



 

 







2: STEP 1 2005, question 1 

 I have four dice showing 5 and one die showing 6; how many distinguishable
orders can I put the dice in?

 If instead I have two dice showing 4, two showing 5, and one showing 6, how
many distinguishable orders can I put them in now?









3: MAT 2010, question 5 

i) Suppose we try to look for a date without repetition. We have
m1 = 0 or 1. As y2 = 0, we need m1 = 1.  Then m2 = 0,1, or 2,
but any of those is a repetition.

ii) We look through the 1900s backwards, starting from 2000.
We go by year first as that is the largest unit.

Clearly the 1990s are out. So are 1989 and 1988, so the year
to try is 1987.

We need m1 = 0 and then we want to pick m2 as big as
possible, so we try 06 as the month.

We can’t have 30 or 31 for the day, so we set d1=2 and make
d2 as large as possible, i.e. 5.

Then the date is 25/06/1987.



iii) Again we go by year, then month, then date. The most 
restrictive digits are m1 and d1. 

The obvious years to try are 21XX. But then we need m1=0. And 
then d1=3. But then d2=0 or 1, which are taken. 

So we try 23XX. We make the year as small as possible, so 2345. 
The first available month is 06. Then d1=1 and we make d2 as 
small as possible, i.e. 7. So the date is 17/06/2345. 

 

iv) Again, it is best to look at m1 and d1 first. We see m1 must be 0, 
so d1 must be 2 or 3. But if d1 is 3, d2 is 0 or 1, so we have a 
repetition. 

I.e. we already know the date is 2_, 0_, 19_ _. 

The spaces can be filled with anything from 3 to 8, so long as we 
avoid repetitions. There are 6 choices for the first, 5 for the next, 
then 4, then 3. That makes 360 total. 

 



Theme: Simplification and symmetry-spotting 
 
4: STEP 1 2005, question 7 (part iii is altered) 
 

 

(iii)   (n has to be even: explain why) 

 

 





5: STEP 2 2009, question 1 

 What is a line of symmetry? What line of symmetry does the curve

have?

 What lines of symmetry does the curve  have? What do they tell me 

about the graphs of  and ? 



 

 





Proof of irrationality of  



Short MAT Questions – Integers and Proof 

MAT 2007, question 1A 

We count powers of 2 and 3. 

On top, we have 2r+s x 3r+s x 22(r-s) x 3r-s, which comes to 23r-s x 32r 

On the bottom, we have 23r x 32(r+2s). 

Dividing, we have 23r-s x 32r x 2-3r x 3-2r-4s. 

That comes to 2-s x 3-4s. 

We need both exponents to be non-negative for the answer to be an integer. So the answer 

is (b). 



MAT 2008, question 1I 

First note S(1) + … + S(9) = 1 + … + 9 = (9)(10)/2 = 45. 

Now look at S(10) + … + S(19). There are 10 terms, and the first digit in each is 1, while the 

last digits are 0 + 1 + … +9. So we have 10(1) + 45. 

Likewise, S(20) + … + S(29) = 10(2) + 45. 

So in total we have 45 + (10+45) + (20+45) + … + (90 + 45). 

That is 10x45 + (10 + … +90) = 10x45 + 10x45 = 900. 

So the answer is (c). 



MAT 2009, question 1D 

 

 
 

If n is even, we have (1-2) + … + (n-1 – n) = n/2 lots of -1, i.e. –n/2. 

If n is odd, we therefore have –(n-1)/2 + n. 

That comes to n/2 + ½ or (n+1)/2. 

So we need (n+1)/2 to be at least 100, so n is at least 199. The answer is (c). 

 
 



MAT 2010, question 1G 

 

 

 

Let N(k) be the number of numbers n satisfying f(n)=k. We want to find N(16). 

For f(n)=16, either n=2m and f(m)=8 or n=2m+1 and f(m)=4. So we can get to 16 either by 

getting to 8 or by getting to 4. That means that N(16) = N(8) + N(4). 

Likewise, N(8) = N(4) + N(2) and N(4) = N(2) + N(1). We can also see that there is only one 

way of getting 2, so N(2)=N(1). Finally, N(1)=1. 

So we have N(2)=1, N(4)=2, N(8)=3, and N(16)=5. 

The answer is (c). 

 



MAT 2010, question 1H 

Note that n is the degree of the polynomial on the LHS. It might be useful to sketch 
generalised odd and even polynomials. The equation is equivalent to saying the polynomial 
meets the horizontal line y=k. 

(a) is false as a cubic takes every real value (because it tends to negative infinity in one
direction and positive infinity in the other)

(b) is false as an even function has a global max or min, so it doesn’t take every value.

(c) is true as the xn coefficient is 1, so the graph tends to positive infinity as x increases,
whether n is odd or even. Also, the curve meets the x axis at its n roots. So it must 
take every value from 0 to infinity. 

(d) is false as k=0 obviously gives us n solutions.

The answer is (c). 



Theme: Proof, Contradiction, and Counterexample 
 
6: STEP 1 2010, question 8 

 

 

 



 

 

 





7: MAT 2010, question 2 









8: STEP 1 2008, question 1 





9: STEP 2 2005, question 2 

Fundamental theorem of arithmetic: 







Theme: Cases and Inequalities 

 If , under what circumstances is ? How about vice versa? 

 If , what does that mean about a, b, c and d? 

10: STEP 1 2001, Question 2 

Another  alternative is to multiply both sides
by x2





Short MAT Questions – Cases and Inequalities 

MAT 2007, question 1I 

We want to maximise the first term, which increases as a increases, and minimise the second 

term. 

As the second term is a square, it is non-negative, so we want to set it to 0. That is possible 

with b=1. 

Then 4log(a)2 = 1, so log(a) = ½. That means a = 101/2. 

The answer is (c). 



MAT 2010, question 1J 

If a>1, ax increases without bound as x increases. Suppose we fix y. Then the LHS will be 

bigger for some x, and then for every subsequent x. I.e. the inequality will be true for 

infinitely many pairs (x,y). 

So (a) is ruled out. 

Likewise, if b<1, then, as y increases, by decreases to 0. If we fix x, the RHS will eventually be 

less than the LHS, and the inequality holds for infinitely many pairs (x,y). 

Then (c) is ruled out. 

We also rule out (b), as (b) is satisfied when a>1 and b<1, but the inequality has infinitely 

many solutions in that case. 

So the asnwer is (d). 



MAT 2008, question 1C 

Let’s write ‘c’ for cos and ‘s’ for sin. 

We have: 

(1) cx – sy = 2

(2) sx + cy = 1

To try to solve the equations, we can multiply the top by s and the bottom by c and subtract. 

This method is valid except when s=0 or c=0, so we will have to check those cases separately. 

If neither c nor s is 0, we have: 

(1’) scx – s2y = 2s 

(2’) scx+ c2y = c 

(2’) – (1’) gives y = c – 2s 

So there is a solution. 

If s=0, we have cx=2 and cy=1, where c=+/-1. So there is a solution. 

If c=0, we have sy=-2 and sx=1 where s=+/-1. So there is a solution. 

Note this would have failed if (2) was instead e.g. cx + sy = 1. 

So the answer is (d). 

Alternatively, we can consider the two equations as equations of lines with gradients c/s and 

–s/c respectively. There is always a solution (i.e. pt of intersection) unless the lines are

parallel, i.e. have the same gradient. But for the same gradient, we need either s=c=0, which

is impossible, or c/s = -s/c, i.e. (c/s)2 = -1, which is also impossible. So (d) is correct.



MAT 2008, question 1H 

If we set y=3x, we have y2 – 3y = k. Note that y takes every value >0. 

The LHS has roots at 0 and 3, so it has a minimum at y=3/2, where the value is 9/4 – 9/2 = -

9/4. This is a value the equation can take as 3/2 > 0. 

The LHS increases to infinit as y increases from 3/2, so the LHS takes every value from -9/4 

up. 

So the answer is (a). 



MAT 2009, question 1C 

Taking the root of both sides, we have  x2 = +/-  (x-c).  *** 

So we are looking at two quadratic equations : 
(1) x2 – x + c = 0
(2) x2 + x – c = 0

We want 2 solutions from each to get 4 total, but repeated roots count, so we just want their 
discriminants to be non-negative.

Equation (1) has discriminant 1 – 4c, so for two solutions we want c at most ¼. 
Equation (2) has discriminant 1+4c, so we want c at least -1/4. 

So the answer is (b). 

*** NB: It might look as if one of +(x-c) and –(x-c) must be negative, so is not equal to x2, so 
this line has at most 2 roots; or else x-c = 0, giving no roots. But this forgets that x can take 
different values to solve the two equations with the + and -, so x-c does not mean the same 
thing each time. 



11: STEP 1 2003, Question 4 



12: STEP 1 2009, question 3 
What conditions on x and (b+x) are needed for  to (a) make sense and 

(b) be true?





13: STEP 1 2006, question 3 

What are necessary and sufficient conditions? 

 ___ 

 ______ 

 ___ 

 is a _________________ condition for ________ 

 is a _________________ condition for ________ 

So if P  Q, 
then P is a ___________ condition for Q. (P makes Q true) 
and  Q is a ____________ for P. (Q follows directly from P, Q has to be true) 
If P  Q, then both P and Q are _________________ and _______________ 

conditions of each other. So P and Q are equivalent statements. 

Suppose Q(x) is a quadratic. 
Statement A is: “Q(x) has a single repeated root.” 
Statement B is: “The discriminant of Q(x) is not negative.” 
Which of A and B is a necessary condition for the other? 
Is either one a sufficient condition for the other? 

How many turning points can a cubic equation have? 
If it has a turning point which is a maximum, and its value at that point is negative, how 
many roots does it have? (Try drawing a graph.) 









14: MAT 2009, question 3 









Alternative: 

decreasing

*This is safe as the  root is at n=0 
and the asymptote is at n=1/3, 
neither of which is in [1,infty), and 
both top and bottom are linear

*



15: STEP 2 2004, question 13 
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